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Problem

Discuss the principle of operation of an electromagnetic “pump” described by Mertz (1915)
in a popular electrical magazine [1].
As sketched below, an annular volume of copper sulfate and water, a conducting, paramagnetic ﬂuid,1 surrounds a strong, cylindrical, conducting, permanent magnet C that rests
on an insulating base B, and the liquid is surrounded by an outer conducting cylinder A.
When a strong DC current ﬂows between the outer cylinder and the cylindrical magnet, the
copper-sulfate solution rotates azimuthally (and the current ﬂows on spiraling paths in the
liquid). The direction of rotation depends on the sign of the electric current.
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Solution

2.1

J × B Force

The most common type of electromagnetic pump is based on the J × B force density in a
current-carrying liquid,2 which latter is typically nonmagnetic.
In Mertz apparatus, if we approximate the current in the liquid as ﬂowing in horizontal
planes, the azimuthal component of the azimuthal force on the liquid. force density would be
−Jr Bz , in a cylindrical coordinate system (r, φ, z) with the z-axis along that of the cylinder.
If the conducting cylinder C were nonmagnetic, there would be no z-component to the
magnetic ﬁeld (due only to the electric current driven by the battery). Hence, it is essential
that cylinder C be a permanent magnet for there to be an azimuthal force on the liquid.
1

Mertz’ paper is one of the earliest to mention magnetic ﬂuids. In recent years, so-called ferroﬂuids have
found considerable application. See, for example, [2].
2
This eﬀect was perhaps ﬁrst demonstrated by Hering [3], and analyzed by Northrup [4] (1907).

1

However, the empirical evidence is that if the liquid were nonmagnetic, the azimuthal
force density in the liquid would be too small to produce azimuthal rotation for practical
currents and strengths of the permanent magnet.

2.2

Force on Paramagnetic Ions

Instead, the azimuthal ﬂow in Mertz’ example is largely due to the magnetic force on the
paramagnetic copper ions in the liquid.
To deduce this force, we model the magnetic moment m of an ion as two equal an opposite
(eﬀective) magnetic charges p separated by small distance d, i.e., m = p d. The force on an
eﬀective magnetic charge p at position x in a magnetic ﬁeld B is F = p B(x).3 Then, the
force on a magnetic dipole m with −p at x and p at x + d is,
F=

lim

d→0, p d=m

[p B(x + d) − p B(x)] = p(d · ∇)B(x) = (m · ∇)B.

(1)

Further, we suppose that the paramagnetic ions in the liquid are aligned (on average) with
the magnetic ﬁeld, such that,
m = kB.

(2)

for a (temperature-dependent) constant k. Hence, the force on a magnetic dipole in the
liquid is,4
F = k(B · ∇)B.

(3)

In a cylindrical coordinate system (r, φ, z) with the z-axis along that of the cylinder, the
permanent magnetic ﬁeld has r- and z-components, while that due to the electrical current
in the conducting cylinder C has only a φ-component. Both of these ﬁelds are azimuthally
symmetric.5
In general, the magnetic force on the liquid has all three of r-, φ- and z-components, but
we emphasize only the φ component here,


∂
∂
(4)
Bφ (r, z).
Fφ = k Br (r, z) + Bz (r, z)
∂r
∂z
The azimuthal force (4) is nonzero only if there exists both the ﬁeld (Br , 0, Bz ) due to the
permanent magnet C and the ﬁeld (0, Bφ , 0) due to the electrical current through the magnet.
Note that if the magnet C were very long, and the liquid only near its midplane in z,
then Br would be negligible, Bφ would depend only on r, and the azimuthal force would be
negligible.
3

See Appendix A of [5] for discussion of the force on eﬀective magnetic charges associated with magnetic
materials that actually are based on Ampèrian “molecular currents”.
4
In general, ∇B 2 = 2(B · ∇)B + 2B × (∇ × B). If there were no current in the liquid (and it were in a
steady state), ∇ × B = 0, and we could write the force as F = k∇B 2 /2. Then, with B independent of φ,
as in the present example, there would be no azimuthal force.
5
The spiraling current in the liquid contributes to all three of Br , Bφ and Bz . This eﬀect must be
included in a detailed calculation; otherwise Fφ = 0 as remarked in the preceding footnote.
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