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1 Problem

Give expressions for the potentials of a Hertzian (point) oscillating dipole in various gauges.

2 Solution

The form of Maxwell’s equations for the fields E and B permit these fields to be related to
potentials V' and A according to,

E—-vv-1%4  pya (1)
c Ot

in Gaussian units, where ¢ is the speed of light in vacuum, and the potentials obeys the wave
equations,
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in terms of source charge and current densities ¢ and J.
Using the Lorenz-gauge condition [1],
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the potentials obey the wave equations
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The solutions to these wave equations are the famous retarded potentials of Lorenz [1] and
Riemann [2].

2.1 From Potentials in the Lorenz Gauge to Those in Any Other
Gauge

As deduced in eq. (16) of [3], a formal expression for the vector potential in the any other
gauge is given in terms of the Lorenz-gauge potentials, and the scalar potential in the other
gauge, as

t
Ar,t) = AW 4+ vy =AM (r¢)+ cV/ (VO (e, t") = V(r, 1)} dt’
t
ENC TP / (B(r,t) + VV(x, ¢} dt, (5)
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where ¢ is the speed of light in vacuum.
We first review the potentials in the Lorenz gauge [1] (see, for example, Chap. 9 of [4]),
and then transform these into other gauges following the prescription (5).

2.2 Potentials of a Hertzian Dipole in the Lorenz Gauge

This section follows [5].
We consider a time-dependent point electric dipole p = ppe™
as defined by

wit centered at the origin,

p(t) = lim q(t)d, (6)

q—o0, d—0, gd=p

for which the associated electric charge density p can be written

o(r,t) = lim  q(t){d*(r — d/2) = 8°(r — d/2)} = p(t) - V&*(x). (7)

g—o0, d—0, qgd=p
The current density J is related by the equation of continuity,

_9o(r, 1)
ot

V() = = p(t)- VO (r) = V - {p(1)0°(x)}, ®)

so that
J(r,t) = p(t)o*(x). (9)
The retarded (Lorenz-gauge) scalar potential VL) is given by
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where we write a retarded quantity f(t —r/c) as [f], and note that Vr = r/r and

V~p(t—T/C):—%~VT:—[pc]7;r. (11)

Similarly, the retarded vector potential A is given by

AWy [ RO o [PORE) e B,
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iwt i(kr—wt)

For an oscillating dipole, p = poe™™", [p] = poe = pe?”, and the Lorenz-gauge

potentials are spherical waves with speed ¢ = w/k,

(1 ik : 1k
V(L)(I',t) —p- r etk (_ _ Z_) = po - r et(kr—wt) (_ _ Z_) , (13)
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A (r,t) = —ikp — = —ikpo

(14)



If we are primarily interested in the fields and potentials far from the dipole, and keep

only terms that vary as 1/r, we have that

i(kr—wt) i(kr—wt)
Vi = —ikpy i ——, AL = AL = —ikp, -
T

far

2.3 Electric and Magnetic Fields

(15)

The electric and magnetic fields E and B are obtained from the retarded potentials according

to
E=-VvV® — 10A%) and B=VxAWD,
c Ot
noting that V x r =0,
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and
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The fields for an oscillating dipole are

E = k:2(p ) e + (3(p-£)f — p) (i _ ﬁ) ik

ei(kr—wt)

= k*(po — (po - t)t) + Eo(r) (1 — ikr) gilhr—et)

where

3(po : f') I — Po
Eo(r) = 3
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is the static field of electric dipole py, and

i 6ikr i ei(kr—wt)
B=Ftxp|l+-— =ktxpy|(l+-— | ——, (23)
kr) r kr r
which are also spherical waves with propagation speed c.
Far from the dipole,
ei(kr—wt)
Bfar = k2 r X Po———, Efar = Bfar X T. (24)
r

2.4 Gibbs Gauge

A gauge in which the prescription (5) readily applies is where the scalar potential is defined
to be zero, V(®) =0, such that E = —9A(%)/dct, as first proposed by Gibbs [6, 7].!

Since the Gibbs-gauge vector potential is an integral of the electric field, A(®)(t) =
—c fti E(t') dt’, this potential propagates at speed c¢. However, it differs from the Lorenz-
gauge vector potential. Since V -E = 471p = —0V - A® /dct, the Gibbs-gauge vector
potential obeys V - A(®) = 0 away from charged particles (whereas the Coulomb-gauge
vector potential obeys V - A(©) =0 everywhere).?

As the Gibbs-gauge scalar potential V() is zero, the Gibbs-gauge vector potential can
be computed via

G
E=-VV©® 2 —jpA© (25)

Thus, using eqs. (21),

E 6zkr Z'eikr 6zkr
G _ = _ _ - A — SP)T —
AT = T ke (penn = = (3Pt - p) ( PR )

ei(kr—wt)

= ik(po X T) X T - (7" + %) Eo(r) '(br=1), (26)

Far from the dipole, the potentials in the Gibbs gauge are,

ei(kr—wt)

Vi =0, A9 —ik(pyx F) x F— . (27)
T

! Apparently the Gibbs gauge is also called the Hamiltonian or temporal gauge, as mentioned in sec. VIII
of [8]. That is, the Gibbs gauge is handy in examples where the electric field is known, and the vector
potential is needed for use in the Hamiltonian of the system, expressed in terms of canonical momenta of
Charges q aS Pcanonical = Pmech + qA/C

2The distinction between V - A in the Coulomb and Gibbs gauges is slight, and may be why Gibbs
thought [6] that his new gauge was the Coulomb gauge used by Maxwell.



2.4.1 Gibbs-Gauge Potential from the Lorenz Gauge

The gauge-transformation function y of eq. (5) is, using egs. (13) and (32),

! (1 ik
AL / (VO (r, ¢y =V (r ¢} dt' = c/ p(t) - re” (— — Z—) dt’
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i ikr (- %
= ip-re (kr?’ 7"2) . (28)

We can now obtain the Gibbs-gauge vector potential from that in the Lorenz gauge via

ikr ) 1 .
A = AW 4 w79 = i 106 v (P e (ﬁ - 12)) VF
r r r
ikr . ~\ 4 ikr
. € A\ o ikr 1 ik 3(p[’)[’—p ikr N
= —ikp . —(p-r)re (T_2 — 7) — Z—k‘r?’ e+ (p—2(p-1)r) =

: ikr ikr

~eweni-n (). (29

This is the same as eq. (26), which further validates the transformation (5).

2.4.2 Potential in Any Gauge from That in the Gibbs Gauge

According to eq. (5), the vector potential in the Gibbs gauge is
A@ (e t) = AV (r,t) + cV / VO (r ) at, (30)

so that the vector potential in any other gauge, where the scalar potential is V', can be
written as

A(r,t) = AW(r +CV/ (VB (r,¢') = V(r,t")} dt’
= A® _cv / Yt (31)

That is, if the vector potential in Gibbs gauge in known, this provides an even simpler
prescription than eq. (5) for the vector potential in another gauge.

2.5 Coulomb Gauge

The Coulomb-gauge scalar potential is

/ . 3 .
VO(r,t) = / P ol — / P-VI) por P L (32)
r r r
The Coulomb-gauge vector potential can be computed via
10A©)
E=-VV© _ - Tk ~VV© 4 ikA©, (33)
c



Thus, using egs. (21) and (32),

E + VV(C) 6ikr Z'eikr 6ikr 7
() orvv o _ —(p-P)f — -T)r — - T =
A = k= (P B)E) == =B B)E - p) T g~ g
i(kr—wt) ; . ' .
= ik(po X T') X i+ - (7" - %) B e'br—+t) 4. 2?0 e ™" (34)
T

While the first two terms of the second line of eq. (34) are waves with propagation speed c,
the third term is instantaneous.

Since V x Eq = 0, the magnetic field B = V x A(©) propagates at speed c¢. Likewise,
the electric field E = —VV(© — 90A© /gct = —VV(© 4 ik A©) propagates at speed ¢, as
the term —VV(® is canceled by the third term in ikA(©) according to the form (46).

That is, the Coulomb-gauge vector potential A(©) always contains an instantaneous term
whose time derivative cancels the instantaneous term —V V() such that the electric field
E propagates at speed c.?

Far from the dipole, the potentials are the same in the Coulomb gauge and the Gibbs
gauge,

ei(kr—wt)

Vie =Vie =0 AR = ALY = ik(po x ) x §

- (3)

2.5.1 Coulomb-Gauge Vector Potential from the Lorenz-Gauge Potential
The gauge-transformation function y of eq. (5) is, using egs. (13) and (32),

W0 = ¢ / VOt~ VO )t = ¢ / t {p(t’)-reikr (i - ﬁ) - p(t/)'r} dt

e e r3 r2 r3
, 1 i p-r
. ikr
= 1p-re (W—ﬁ)—lm (36)

We can now obtain the Coulomb-gauge vector potential from that in the Lorenz gauge via

ikr ) 1 ] .
AO = AL L vy =0 = g v (peret (L - L)) — v Rt
r kr3  r? kr3

) 1 k’ 3 A ) o ikr
N T (_ _ L) CB3PIT P e o )
T

72 r kr3 72
3(p-r)r—p
. . 6ikr . Z'eikr 6ikr Z
— - 00 - 60w (o + - ). (37

This is the same as eq. (34), which validates the transformation (5).

For another example of the use of eq. (5) to obtain the Coulomb-gauge vector potential,
see [13].

3This cancelation for the Coulomb-gauge potentials has been noted in [9, 10, 11, 12].
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2.5.2 Direct Computation of the Coulomb-Gauge Vector Potential

For comparison, we can also deduce the Coulomb-gauge vector potential using the classic
prescription?

J
AO(r,t) = / Ad\/ol’, (38)
clr —r/|
where the transverse current density is defined by
J: V V x avol'. 39
)= 1V <V x [ S0 v (39)
The integral in eq. (39) is the nonretarded version of the Lorenz-gauge vector potential (13),
J(r' t kp(t
/7(‘” ) avor = (). (40)
clr —r| r
Hence,
, —itkp r .
V X dVol' =V x — X ikp, (41)
|r — r’| ro 73
and
1 r ik3(p-r)r —p
3, V V % Vol = =V x (o xikp) = — - “PE =P a2
(rt) = 8 / |r—r’| © ar Y s P Ar 73 (42)

Note that while the physical current associated with the point dipole is localized to the origin,
the (nonphysical) transverse current (42) is nonzero everywhere in space. The Coulomb-
gauge vector potentials is now given by eq. (38),

A1) = / oy = / ik gL J IV

clr —r/| dme v — /|73
ke 3p -1 — ikr’

— _ ¢ / ( (p r)r p)@ dVOl/. (43)
dme v — /|73

However, it is not straightforward to go from eq. (43) to (34).

2.5.3 Coulomb-Gauge Vector Potential from the Gibbs-Gauge Potential

We can also compute the vector potential in the Coulomb gauge, from that in the Gibbs
gauge according to the prescription (31),

A(C)( ) A(G . CV/ V(C / s (44)
If the dipole moment oscillates according to p = pge ™",
t A t . N .
C/ VIO (r, ) dt' = C(piz r) / el dt! = %(p?az ) gmiet = %V(o)(r,t), (45)

“See, for example, sec. 6.3 of [4].



taking the scalar potential at t = —oo to be its average value of zero at large negative times,
such that the Coulomb-gauge vector potential is, recalling eq. (26),

ei(kr—wt) i " i
AO(r,t) = ik(pox ) x T — (r + E) B, c'r—et) _ EVV(C)(FJ)
T
i(kr—wt) ; ) E )
= ik(po X ) X i< — (7" + %) Eqelfr—wt) 4 2?0 et (46)
T

The first two terms of eq. (46) propagate at speed ¢ = w/k, while the third term is instan-
taneous.

2.6 Static-Voltage Gauge

A variant of the Gibbs gauge is that the scalar potential is not zero, but rather is the
instantaneous Coulomb potential at some arbitrary time to,

/
V(SV)(r,t) — V(C)(r,to) = P, to) dVol'. (47)

v — /|

This is the static-voltage gauge [14], called the Coulomb-static gauge in [15].
From eq. (31), we see that the vector potential in the static-voltage gauge differs only
slightly from that in the Gibbs gauge,

A(SV)(r,t) _ A(G)(r,t) _ ctVV(C)(r>t0)' (48)

We can take the scalar potential in the static-voltage gauge to be that at time ¢y = 0, so
for the present example,

- r

V() = VOt = 0) = 2

(49)
The vector potential in the static-voltage gauge is then given by eq. (48) as

AV ) = AO( 1) — VWV O(t = 0) = AO(r, 1) + ctEo(r)

i(kr—wt) ; )
= ik(po X T) X1 c - (7" + %) Eo(r) e'* =Y 4 ctEo(r).  (50)
r

Far from the dipole, the potentials are the same in the Coulomb gauge, the Gibbs gauge
and the static-voltage gauge,

i(kr—wt)
Vil =V =V =00 AR = AL = ALY = ik(po x ) x £ (51)
2.7 Kirchhoff Gauge
Kirchhoff [16] was apparently the first to define a gauge condition, writing
1oV
v -AK = = 52
o (52)
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which differs by a sign from the Lorenz-condition (3). Then, the wave equation (2) for the
scalar potential becomes, in the Kirchhoff-gauge,

1 9?vV®)
2 o
which is the same as that in the Lorenz gauge, eq. (4), but with the substitution ¢ — ic.
Hence, a formal solution for the Kirchhoff-gauge scalar potential is

VB (rt) = / o(r', " =t — [r —v'| /ic) Pr = V. p(t' =t —r/ic)

lr —r/| r

—kr 1 k —kr—iw 1 k
= p-rek(r—g—ﬁ):po-rek t(?"_?’_T_Q) (54)

We use eq. (31) to relate the vector potential in the Kirchhoff gauge to that in the Gibbs
gauge,

! ' 1 k
A ) = A9 1) - cV/ VE(r tg) = A9 (r 1) - %V (p re (— - —))

r3 r2

v 4 V- A = —4rp, (53)

ikr

— ik((p ) F —p) — — (3(p - ¥) i p) (Zke?"]; +6m)

r r2
6—kr 6—kr 6—kr
—tk(p-1)T —i((p-T)T — (3(p-1)T — . 55
ik(p 1)t —— —i((p-£)F —p) —5 +i3(p-1)T —p) 53 (55)
Both the scalar and vector potential in the Kirchhoff gauge have terms that die out as

e~* away from the source, but these terms do not contribute to such behavior in the E and

B fields.
Far from the dipole, the potentials are the same in the Coulomb gauge, the Gibbs gauge,
the Kirchhoff gauge and the static-voltage gauge,

Ved = v = v = ) = (56)
i(kr—wt)
AL = ALY = AT — ABY) — ik(py x £) x F— | (57)
T

2.8 Poincaré Gauge

In cases where the fields E and B are known, we can compute the potentials in the so-called
Poincaré gauge (see sec. 9A of [8] and [17, 18, 19]),°

1 1
VP (rt) = —r- / duE(ur,t), AP (r 1) = —r x / uduB(ur,t) (Poincaré). (58)
0 0

These forms are remarkable in that they depend on the instantaneous value of the fields only
along a line between the origin and the point of observation.®

°The Poincaré gauge is also called the multipolar gauge [20].

6The potentials in the Poincaré gauge depend on the choice of origin. If the origin is inside the region of
electromagnetic fields, then the Poincaré potentials are nonzero throughout all space. If the origin is to one
side of the region of electromagnetic fields, then the Poincaré potentials are nonzero only inside that region,
and in the region on the “other side” from the origin.



The scalar potential in the Poincaré gauge can be computed from egs. (58) and (21),

(P) v ' A 1 ik ikur
V (I‘, t) = —-I- du E(UI‘, t) = —7r 2(p . I‘) — " e du
0 0

udrs u2r?

T 1 . )
= —2(p-1) / (—3 - %) e'*s ds. (59)
0 S S

The integral is ill behaved at the lower limit, and the Poincaré potentials are not useful
for this example. However, if the oscillating dipole were at not at the origin, the Poincaré
potentials could be evaluated (with considerable effort) at any point not on the ray from the
origin to the dipole.
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