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1 Problem

Discuss methods of analysis of the electrodynamics of rotating systems in the practical limit
that the velocity v of any point in the system with respect to the (inertial) laboratory frame
is small compared to the speed of light c.

In particular, discuss whether the magnetic field B’ observed in the frame of the rotating
system is that same as the field B observed in the lab frame,

B' = B, (1)
or whether a better approximation is
B' =B - - xE, 2)
c

in Gaussian units, where E is the electric field in the lab frame, and v = w x x is the
velocity in the lab frame of an observer at position x’ = x in the rotating frame, whose
angular velocity with respect to the lab frame is w.

2 Solution

2.1 Use of Special Relativity

In many examples of electrodynamics of rotating systems we are less interested in the fields
observed in the rotating frame than those in the lab frame. Yet, it may be that knowledge
of some aspects of the fields in the moving frame is helpful in reaching an understanding
of the fields in the lab frame. In this case it is often convenient to characterize the fields
near some point in the moving frame via the use of Lorentz transformations between the
lab frame and the comoving, inertial (nonrotating) frame in which that point in the rotating
system is instantaneously at rest. For reviews of this approach, see [1, 2].

If the rotating system includes linear, isotropic media with (relative) permittivity € and /or
(relative) permeability p that differ from unity, the electrodynamic description should include
the “auxiliary” fields D = E + 47P and H = B — 47M, where P and M are the electric
and magnetic polarization densities. Solutions to Maxwell’s equations for B, D, E and H in
terms of the free charge density p and the conduction current J can only be obtained using
knowledge of the constitutive equations that relate D and H to E and B. These relations are
simple in an inertial rest frame of the medium,

D =¢E, B =uH (inertial rest frame), (3)



and in general take more complicated forms in frames in which the medium is in motion,
and in non inertial frames even if the medium is at rest there. For example, the constitutive
equations in an inertial frame in which the medium has velocity v with v < ¢ can be written

v v medium with velocity v
D=¢E+(cu—1)—xH, B=pH+(eup—1)— xE, (4)
¢ ¢ w.r.t. an inertial frame

as first noted by Minkowski [3] (who gave the relations for any v < ¢).
The lab-frame constitutive equations (3) can also be expressed in terms of the polariza-
tions P and M as

e—1 1\v 1\ B v
P = E ——|=-xB, M=(1-—]— —1)— x E. b}
SE (o= ) Ve M- (1-0) B - ®

In a rotating system with nontrivial electrical media, such as the Wilson-Wilson exper-
iment [4, 5], the use of a comoving inertial frame leads us to understand that the rela-
tions (4)-(5) are valid in the lab frame in the small region where the medium has velocity

v.!

2.2 Electrodynamics in a Rotating Frame

If a description is desired of the electrodynamics of a rotating system according to an observer
at rest in that system, the methods of general relativity should be used.

One of the first analyses of electrodynamics in a rotating frame using general relativity was
made by Schiff [6]. See also [7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25].
Just as mechanical analyses in rotating frames include “fictitious” forces, electrodynamic
analysis in rotating frames include “fictitious” charges and currents.?

Sections 2.2.1-2 present a “naive” derivation, due to Modesitt [13], of Schiff’s results
6] for media with € = 1 = p. Section 2.2.3 presents a possible alternative description for
rotating electrodynamics that appears more compatible with special relativity, but which is
found in sec. 2.2.4 to be in contradiction with a thought experiment at order v/c. Section
2.2.5 summarizes a description of the electrodynamics of the nontrivial, rotating electrical
media. A long Appendix presents a “covariant” discussion of electrodynamics in a rotating
frame when e and p differ from unity.

2.2.1 Fields Observed in a Rotating Frame

We desire the fields E' and B’ seen by an observer in a frame that rotates with angular
velocity w with respect to the lab frame, where w = w z is parallel to the angular velocity w
of the rotating system in the lab frame. We restrict our attention to points x’ in the rotating
frame such that the velocity v = w x x’ of the points with respect to the lab frame is small

'We shall find in Appendix A.5 that the constitutive equations have a slightly different form than eq. (3)
in the rotating frame.

2The adjective “fictitious” is misleading in that to an observing in the rotating frame the “fictitious”
forces and charge and current densities appear to be very “real”.



compared to the speed of light. Then, we can largely ignore issues of whether rods and clocks
in the rotating frame measure the same lengths and time intervals as would similar rods and
clocks in the lab frame, and whether the speed of light is the same in both frames. That is,
we ignore Ehrenfest’s paradox [26].
We also restrict ourselves to the case that all media have unit (relative) permittivity e
and unit (relative) permeability p.
The (cylindrical) coordinates in the rotating frame are related to those in the lab frame
by
=, ¢ = ¢ —wt, 7=z, t'=t. (6)

This transformation preserves volume, so conservation of electric charge implies that the
transformation of charge and current density is

P =p, J=J-pv, (7)

where v is the velocity of the observer in the rotating frame with respect to the lab frame.
Force F is also invariant under the transformation (6). Thus, a charge ¢ at rest in the
rotating frame experiences the Lorentz force

F:qE:F:w(E+XxB>, 8)
c
and hence the transformation of the electric field is
E =E+ > xB. 9)
c

The force density on current J in a neutral conductor in the lab frame is J /¢ x B. For this
to equal the force density J'/c x B’ in the rotating frame, we find, using (7), that

B =B, (10)

which clearly holds on the axis of rotation.?

2.2.2 Maxwell’s Equation in a Rotating Frame

According to the transformation (6), intervals of distance, area and volume are measured to

be the same in both frames, so that
Vv =V" (11)

3We shall see in sec. 2.2.2 that the transformations (7) and (9)-(10) lead to Schiff’s forms for Maxwell’s
equations in the rotating frame [6]. As remarked in sec. 4 of [27], these transformations do not leave the
form of Maxwell’s equations for B and E invariant under a Galilean transformation with v = constant. If
the transformations (9)-(10) are supplemented by D’ = D and H = H — v/¢ x D and the transformations
(7) are taken to apply to the free charge density and the conduction current, then Maxwell’s equations for B
and D, E and H are invariant under a Galilean transformation with velocity v. Using this generalization for
the velocity v of a rotating observer does not, however, lead to the generalization of Schiff’s analysis reported
in [22] as it implies that V' - D’ = 47p/; nor would it lead to an adequate explanation of the Wilson-Wilson
experiment [4] (where we must find that D = €E + (epr — 1)v/c x H in the lab frame [5]) by supposing that
the constitutive equations for a linear, isotropic medium are D’ = ¢E’ and B’ = yH’ in the rotating frame.



Hence, the lab-frame Maxwell equation V - B transforms to
V'-B' =0, (12)
recalling eq. (10). Similarly, the lab-frame Maxwell equation V - E = 47p transforms to
2w B/—X'V/XB/>
c
(13)

v vV Vv
V'E =4rp'+V'- (— X B’) =47p+B' - V'x ———-V'xB' = 4mp' +
c c c c
using egs. (7)-(10) and recalling that v =w x x/, so V' x v = 2w.
More care is required in dealing with transformations of time derivatives to the rotating
frame. We recall that the total lab-frame time derivative of a lab-frame vector field A
according to an observer with velocity v in the lab is given by the convective derivative,

dA  0A

Similarly, if the observer has velocity v’ in the rotating frame, the total time derivative in
that frame is
dA  0A

dat ot
These two total time derivative are related by

+ (v V)A. (15)

dA  dA

E_%—i_wXA' (16)

For an observer at rest in the rotating frame, v =0 and v = w X x, so that

dA DA

et (17)
and eqgs. (14) and (16)-(17) can be combined to give®
%—?Z%+wa—(v~V)A. (18)
Some useful vector facts are
Vv=V . wxx=-w-Vxx=0, (19)
WXxA=wx(A-V)x=(A -Vwxx=(A-V)v, (20)
and hence,
Vx(vxA) = v(V-A)—AV-v)+(A-V)v—(v-V)A
= v(V-A)+wxA—(v-V)A (21)

1A subtle issue here is that the vector A that appears in the term OA /Ot is not the transform of
lab-frame vector A to the rotating frame; rather it is still the lab-frame vector A.



For later use we note that v=w x x = wr (fﬁ, where x = (7, ¢, z) in cylindrical coordinates,
so that

VXx(vxA) =v(V-A)+wxA—- waa—g (22)
Using eq. (21) in (18), we have
0A 0A
E—FV(V A) = %—FVX(VXA) (23)

A special case is that A = v, for which dv/0t' = 0, so that eqs. (19), (22) and (23) lead to
Ov /0t = w x v as expected.
Thus, the partial time derivatives of the magnetic field B are related by

6_B_8B va):aB
ot

+ V' x (vxB). (24)

Faraday’s law can now be transformed as

10B 1 0B’
VxE:V’x(E’—XxB’>:——a—=——a —V’X(XxB’>, (25)
c c Ot c ot c
which simplifies to
1 0B’
V xE =—-= . 26
x c Ot (26)

The partial time derivative of the electric field E = E' — v/c x B’, where V - E = 47p,
is, according to eq. (23),
OE OE OE' v 0B

wn —|—47rpv—%+V><(v><E)

X
ot c ot

+ V' x |v x

(E’ - % x B’)] . (27)

Using this, and recalling from eq. (7) that J = J' + pv, the fourth Maxwell equation

transforms as
L1OE _4m ., 10E" v aB’ v (E’ v B')] ‘
c c

VxB=V'xB = J =—J += —
% % c ot c +c@t’ 2 at’

+ V' x

(28)
Maxwell’s equations (12)-(13), (26) and (28) in the rotating frame are
2w - B’

V' E =drp + 22 Y v xB, (29)

c

1 0B’
V' XE = ——— 30
% c o’ (30)
V'-B =0, (31)

Am 10E v aB’ A A

V xB =Ty, 0¥ VY v x |¥ (E’—— B’)], 32
% c +cat’ c? 8t’+ o Pl ¢ (32)

which are the forms given by Schiff [6].



In practical rotating systems terms in v?/c? are negligible, so eq. (32) simplifies slightly
to

v 4 10E v OB
V/X(B/—ZXE/>%7J/+Eat/—§Xat/. (33)

Using this in eq. (29) we have, to order v/c,

(34)

v-J 2w-B' v OF
V' . E ~dr(p — A
g (p 2 ) + c ¢z ot

2.2.3 Another Description of Electrodynamics in the Rotating Frame

The forms (33)-(34) suggest that it might be better to regard the transformations of the
charge and current densities and of the fields from the lab frame to the rotating frame as

v-J

prEp=—  IT=d-pv, (35)

and v v
E*=E+-xB, B*=B--xE, (36)

C C

which we recognize as the low-velocity forms of the Lorentz transformations from the lab
frame to an inertial frame with velocity v with respect to the lab frame.>% Then, to order

v/c,
v-J

c2

pr=p - ,

J*=J, E=E B'=B - xE. (37)
C

If we also write the time and space derivatives in the rotating frame as V* and 9/9t*, then
Maxwell’s equations (30)-(31) and (33)-(34) in the rotating frame can be written to order

v/c as
2w-B* v OE*

V* - E* =A4np* - . 38
Pt c 2 ot~ (38)
10 v

VxE'=——— (B*"+ - x E* 39
% c@t*( +cx >’ (39)

2w - E* 2w - E* 0B*
vB-v.Ixp-2 2 Yexp-2 1220 ()

c c c c ¢ Ot*

4 1 0E* 0B*

V' xBf = _J 4 - Y x (41)

c cotr 27 o
These forms have been advocated by Irvine [11].

®The transformations (35)-(36) do not correspond to any Galilean limit of electrodynamics, as discussed
in [27]. However, (as also noted in [27]) electromagnetic waves do not exist in any Galilean approximation,
so the forms (35)-(36), which preserve the invariance of E? — B2 to order v/c, might be preferred on this
basis.

The Lorentz force is invariant under a low-velocity Lorentz transformation: gq(E* + v}/c x B*) =
q(E +vy/c x B) using eq. (36) and v; = v, —v.



2.2.4 Does a Rotating Observer Find B'=B or B —v/c x E?

We use a thought experiment to show that the relation B’ = B for the magnetic field
according to an observer in a rotating frame is more consistent than B’ =B — v /¢ x E.

A parallel plate capacitor with circular plates is at rest in the lab, and charged up to
create electric field E = 470 z inside the capacitor, where +o is the surface charge density
on the plates and z is along the symmetry axis of the capacitor. There is no magnetic field
in the lab.

A (dielectric) rotating platform is placed between the plates of the capacitor and rotates
with angular velocity w = w2z about the symmetry axis of the capacitor. An observer
at rest on the rotating platform should find magnetic field B’ = 0 according to Schiff’s
transformation (10),” but the magnetic field inside the capacitor should be B* = —v/cx E =
wErt/c (in cylindrical coordinates) according to eq. (37). In both prescriptions the electric
field in the rotating frame is the same as that in the lab, E = E' = E*.

Consider an electron of charge e that is released from rest in the lab on the upper plate
of the capacitor. The electron accelerates straight downwards in the lab.

In the rotating frame, the electron has uniform circular motion in the plane of the plates,
as well as downwards acceleration.

This motion is consistent with Schift’s view that there is no magnetic field in the rotating
frame.

In view of sec. 2.2.3, the downward velocity, v} of the electron combines with the radial
magnetic field B* to give an azimuthal component of the Lorentz force, F,, = eviB*/c =
eviwrE/c?. While wr < ¢, we do not require that v¥ < ¢, since the voltage between the
plates could be, say, 1 million volts, so that v ~ c as the electron nears the lower plate.
Then, Fjy can be of order eE(wr/c), which is not negligible. As a result, the electron’s
azimuthal velocity would not maintain the expected constant value of —wr.

Thus, there is an inconsistency at order v/c in the description according to sec. 2.2.4,
which argues that Schiff’s formulation is the more “realistic”, despite the appearance of
“fictitious” currents.

We shall see in the Appendix that Schiff’s forms correspond to use of the covariant
electromagnetic field tensors, while the forms B* = B — v/c x E (together with E* = E) are
components of the contravariant field tensor in the rotating frame, for which the form of the
Lorentz force is altered slightly from its familiar form. Consistent dynamics can be achieved
with these forms in the rotating frame by introduction of a “fictitious” term in the Lorentz
force law, as discussed in sec. A.4.

2.2.5 Summary of Electrodynamics in a Rotating Frame

For reference, we reproduce the principles of electrodynamics in the frame of a slowly rotating
medium where € and p differ from unity.® These relations are derived in the Appendix, noting

"The capacitor plates rotate with angular velocity —w with respect to the rotating frame, where the
rotating charge density p' = p leads to a surface current J' = —p’ v according to Schiff. However, there are
also “fictitious” currents in Schiff’s prescription, given by V' x (v x E) /47 = (V' - E)v/dnr = p'v = =T/,
so the total current is zero and B’ = 0.

8This case is discussed most thoroughly by Ridgely [22, 24], but primarily for the interesting limit of
steady charge and current distributions.



that the electromagnetic fields in the rotating frame summarized below are the covariant
fields, the Lorentz force vector is the covariant force vector, but the velocity vector v’ is the
contravariant velocity and the charge and current densities p’ and J’ are the contravariant
components of the 4-current. Extreme care is required when making a “covariant” analysis
in the rotating frame, because, for example, a particle at rest in the rotating frame is to be
described as having a nonzero covariant 3-velocity (sec. A.3.1), and use of the contravariant
derivative operator does not lead to meaningful physics relations (sec. A.3.4).
The (cylindrical) coordinate transformation is

r=r, ¢ = ¢ —wt, 7=z, t=t, (42)

where quantities in observed in the rotating frame are labeled with a’. The transformations
of charge and current density are

P =p, J=J-pv, (43)

where v (v < ¢) is the velocity with respect to the lab frame of the observer in the rotating
frame. The transformations of the electromagnetic fields are

B — B, D’:D+%><H, E’:E+%><B, H = H. (44)
The transformations of the electric and magnetic polarizations are
P’:P—%xl\/[, M’ = M, (45)
if we regard these polarizations as defined by D’ = E' 4+ 47P’ and B’ = H' + 47M'.

The lab-frame bound charge and current densities py,,,q = —V -P and Jyouna = OP /0t +
¢V x M transform to°

2w - M/
Prowma = —V P - 0 v M, (46)
C C
aP/ Vv aM/ aP/
N at/—i—cV’xM’—i—v(V’-P’)—l—zx o7 —|—w><P’—wa¢,. (47)

Force F is invariant under the transformation (42). In particular, a charge ¢ with velocity
v, in the lab frame experiences a Lorentz force in the rotating frame given by

!/

F':q<E’+ﬁxB’>:q(E+ﬁxB>=F, (48)
C C

where v; = v, —v. Similarly, the Lorentz force density f on charge and current densities in
the rotating frame is

f/ . /E/ J/ B/ . / / E/ %ree + J1/bound B/ 4
=p + Z X - (pfree + pbound) + f X : ( 9)

9The term —2w - M'/c is in effect a charge density —V'- P}, associated with an electric polarization

density P’ .. that appears along with magnetization in a rotating frame [28].
D mag
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Maxwell’s equations in the rotating frame can be written

V' -B =0, (50)

V' D' = 47 e ioral = AT (Piree + Pother) (51)

V' x E + 22: =0, (52)

VO H = 0 = = o T Ty (53

where pfee = Prree A0d Jioo = Jiree — PrecV are the free charge and current densities, and the
“other” charge and current densities that appear to an observer in the rotating frame are

free

v J! +w-H’ v oD’

C v 54

Pother c? 2me Are  Oct'’ (54)
D’ oD’ oH’

:)ther = p;reev Tw X — - v X : (55)

Ar 4w 09 Awe T ot

The “other” charge and current distributions are sometimes called “fictitious” [6], but we
find this term misleading.!® For an example with an “other” charge density w - H'/27c in
the rotating frame, see [30].

Maxwell’s equations can also be expressed only in terms of the fields E’ and B’ and
charge and current densities associated with free charges as well as with electric and magnetic
polarization:

V/ -E' = 47Tpfcotal7 (56)
and
, , OE  Am
Vix B — oct! = 7 total’ (57)
where
, , v, , o w-H v 0D’
— . — -P — .
Ptotal Ptree C2 free A% + 2me drwe  Oct!
= p;ree,total -V . P
= p;ree + p{)ound + p;nore ) (58)
, v , opP’ , , w- B’ v OFE
SR A LV xM - 59
Pmore c? ( free ot’ T ) * 2me 4dre  Oct'’ (59)
OP’ D w oD’ v oH’
!/ — / = V/ X M/ / X — = — _ X
total free + at/ +c + pfreev +w 47T 47T a¢/ 4’/TC at/
oP’
= gree,total + W + V' x M
= ;ree + J{)ound + J;nore ) (60)

10According to Einstein [29], “fields which can be transformed into each other by such transformations
[as eq. (42)] describe the same real situation.” In particular, the “fictitious” sources (54)-(55) are an aspect
of a description by an observer in the rotating frame of the same physical situation as observed in the lab
frame.



J;nore = V<p;ree_V/'P/_ +_'V/><M/
C C

E  w OE v " 0B’

dr 4w 0¢'  Ame Ot

2w-M v )

+w X

(61)

The contribution of the polarization densities to the source terms in Maxwell’s equations in
much more complex in the rotating frame than in the lab frame.!'! Because of the “other”
source terms that depend on the fields in the rotating frame, Maxwell’s equations cannot be
solved directly in this frame. Rather, an iterative approach is required in general.

The constitutive equations for a linear, isotropic medium at rest in the rotating frame
are'?

D' =cE, B =l —(eu—1)>xE, (62)
C

in the rotating frame, and
v v
D=¢E+ (e —1)— x H, B=uH—- (e —1)— x E, (63)
c c

in the lab frame, where € and p are the permittivity and permeability of the medium when
at rest in an inertial frame. The lab-frame constitutive equations (63) are the same as for a
nonrotating medium that moves with constant velocity v with respect to the lab frame.

We can also write the constitutive equations (62) for a linear, isotropic medium in terms
of the fields B, E/, P’ and M’ by noting that D’ = E' + 47P’ and H' = B’ — 47M’, so that

P/ — E/

1\ B’ 1 E 1\ B -1
)2 e )Y (- 2 TV e (64)
p) Am w) c 4w w)dr pe—1)c¢

Similarly, the constitutive equations (63) in the lab frame can be written to order v/c as

1 1 B 1 1
P =" Eifle—-)Yx2 S ) WAV V )
W) c Arm 4 nw—1c¢c

1\ B 1 E 1\ B —1
M = [1--] > —[e—-)I¥xZ=(1-2) 2 - L7 Yop (65
W) Am w) c 4w w)dr  pe—1)c¢
Ohm’s law for the conduction current Jo has the same form for a medium with velocity

u’ relative to the rotating frame as it does for a medium with velocity u relative to the lab
frame,

M/

!/
L= (E’+5xB’>=a(E+3xB>=JC, (66)
C C

where o is the electric conductivity of a medium at rest in an inertial frame.

HNeglect of this complexity can lead to apparent paradoxes involving rotating magnetic media [10, 20].
2Different constitutive equations hold for a rotating permanent magnet [31] or for a rotating electret.
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A Appendix: Electrodynamics Using Covariant and
Contravariant Vectors and Tensors

In the preceding we have used only vector notation when discussing electrodynamics, even
though it is more proper to consider the vector fields B and E as part of a field tensor
F. Furthermore, one should distinguish between covariant and contravariant vectors and
tensors.

In an inertial frame, the distinction between covariant and contravariant vectors is rather
trivial, so that one can neglect this distinction and then speak of the field vectors B and
E without confusion. However, the metric tensor is not diagonal in a rotating frame, so
that greater care should be made in distinguishing covariant and contravariant vectors and
tensors [19, 24].

The summary of electrodynamics in a rotating frame given in sec. 2.2.5 does not mention
covariant and contravariant components, and simply uses a ' to indicate quantities observed
in the rotating frame. As shown in this Appendix, it is consistent to make such a summary
if one obeys the following conventions,

1. All components of electromagnetic field vectors B, D', E/, H', P’ and M’ that appear
in sec.2.2.5 are components of their respective covariant tensors.

2. The gradient operator V' is part of the covariant 4-derivative operator.

3. The velocity u’, and the charge and current densities p', pf... J' and Ji.. are con-
travariant components of their respective contravariant 4-vectors.'3

4. The bound charge and current densities p;,,q and Ji,,.q are representations of their
contravariant 4-vectors in terms of covariant components of the relevant electromag-
netic fields.

These conventions are relatively straightforward except for item 4, which is needed so that
charge conservation, V'-J'4+0p' /0t = 0, holds for bound as well was for free charge, while ob-
serving the convention that electromagnetic fields are represented by covariant components.
For examples exhibiting charge conservation in rotating media, see [5, 31].

A.1 Notation

We will indicate a contravariant 4-vector or 4-tensor by indices that are Greek superscripts,
and covariant 4-vector or 4-tensor by indices that are Greek subscripts.'* The components
of contravariant 4-vectors and tensors (other than the position 4-vector z®) will have a ~
above the symbol. Quantities measured in the rotating frame will be designated with a
. As before, we only consider velocities small compared to the speed of light. The vector
v = w X x is the velocity in the (inertial) lab frame of a point at position x that is at rest
in the rotating frame, whose angular velocity is w = w z with respect to the lab frame.

13In this Appendix, components of contravariant vectors and tensors will include a ~ above the symbol.
MThe notion of covariant and contravariant vectors and tensors arises from the character of their trans-
formations from one frame to another. We defer discussion of details of these transformations until sec. A.3.
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The metric tensor for rectangular coordinates in an inertial frame is written

1 0 0 O
s o -1 0 0
Gap = g - ) (67)
0O 0 -1 0
0 O 0 -1

where the Greek indices run from 0 to 3 (and we ignore the effect of gravity on electrody-
namics).

The contravariant position vector z* has components in the lab frame (2% z!, 22 2%) =
(ct,z,y,2) = (ct,x), so the corresponding covariant position vector in the has lab-frame
components z, = gopr° = (ct, —x).

A particle with velocity u (u < ¢) in the lab frame has 4-velocity

0

«

u® = (c,u) = (¢, u) and  wuy = gagu” = (¢, —u). (68)
Lab-frame charge density p and current density J are described by the 4-vectors

J = (cp,J) = (cp,T) and Jo = (cp, —J). (69)
The lab-frame electromagnetic fields B and E are described by the 4-tensors

0 —-E, —E, —E. O FE E, FE,
E, 0 -B. B -E, 0 -B, B
Fed = " N and  Foz= Y, (70)
E, B. 0 -B, -E, B. 0 -B,
E. -B, B, 0 ~-E., -B, B, 0

where B = B and E = E, using F* = ¢®7¢?F,5. The lab-frame electromagnetic fields
D =D and H = H are described by the 4-tensors

0 -D, -D, —D, o D, D, D,

D, 0 —H, H, -D, 0 —H, H,
H = ~ ~ N and H,p =

D, H. 0 —H, -D, H. 0 -—H,

D, -H, H, 0 -D, —-H, H, 0

) ) (71)
The lab-frame electric and magnetic polarization densities P = P and M = M are described
by the 4-tensors

o P P, P O -P, —-PB, —P.
-P, 0 M. M, P, 0 -—-M M,
M = ~ ~ N and Ms = ,
—P, ; —M, P, M, 0 —-M,
-P, -M, M, 0 P, -M, M, 0

12



such that
H = F% — 4z M*®  and  Hup = Fap — 47 Mg (73)

A.2 Electrodynamics in an Inertial Frame

Electric charge is conserved, which can be expressed in terms of charge density and current
density as

= dp = Op
= = . _— = :aa: M —7 4
0%Jy VJ+at 0= 0,/ VJ+at (74)

where V = V and

.0 0 - o (0
a—a—%—<%,—v> and 8a—a—%—<%,v>. (75)

The Lorentz force f on a charge ¢ that moves with velocity u in the lab frame is described
by the 4-vectors

fo = (f-u/e,f) = qF*%us = ¢(E - u/c,E +u/c x B), (76)
fo = (f-u/c,—f) = qF.pu° = q(E-1/c,—E —u/c x B). (77)

In inertial frames we can ignore the fact that the Lorentz force vector is composed of a mix
of covariant and contravariant vectors.

The two Maxwell’s equations for B and E that involve the total charge density p and the
total current density J,

. - . OE 4r- 4r¢ - OE
V- E=4rp=4nrp=V - E VxB-—=—J=—J=VxB-— 78
P P ’ x Oct c c x oct’ (78)
can be written as 4 4
OuFP =200 or  9°F=—Jp, (79)
c c
while the other two Maxwell’s equations,
L _ 9B OB
V-B=V-B=0 VXE+—=VXE+—=0 80
’ Xt Oct S Oct ’ (80)
can be written as
O F*P =0 or  0*F.z=0, (81)

where the dual of an antisymmetric, covariant tensor F,s is the contravariant tensor F9
defined by

0 —-B, —B, —B.

1 B, 0 E, —-FE
Fob — 56(1’875}7«,5 — v (82)



when the components of tensor Fig are defined as in eq. (70), and where

+1 if afBv0 is an even permutation of 0123,

€ = —e,5.6 =4 —1 if a0 is an odd permutation of 0123, (83)

0 if any two indices are equal.

Similarly, we define
(84)

The components of the dual tensor F*? can be obtained from those of F'*? by the duality
transformation ) )
E—-B, B -E (F o 79, (85)

while those of the dual tensor F,z can be obtained from those of Fiz by the transformation
E—B, B—o—-E (F,3— F.). (86)

If pree and Jgee represent only the free charge density and the conduction current, then
the Maxwell equations

8 - . 0D 4r. 4 - oD
V'D:47Tﬁfree:47rpfreezv'[)> VXH——:_WJ:_T(J:VXH_—t7(87)

can be written as
4

o 47 o
OuH b= 7‘]5% or 9 Haﬁ - 7Jfree,6" (88)

It is not obvious from the preceding how the alternative forms of Maxwell’s equations
(81) and (88) should be paired. However, once we consider transformations to noninertial
frames it becomes clear that the pairing must be

4
0°Fup =0 and 0“Hup = —Wz]freefb (89)
c
or 4
0, FP =0 and O H = _T(‘]f[fee‘ (90)
c

This has the implication that when Maxwell’s equations are expressed in terms of covariant
and contravariant 3-vectors B, D, E and H and B, D, E and H they have the mixed forms

) . : oD 4
V. D=drppe, VxE+5 =0, V-B=0 VxH- 2" = "Jpe (91)
C
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or

- OB - 0D  Ar-
V. D=drppe, VxE+5 =0, V-B=0, VxH- 2= "Jpe (92)
oct t c
Since there is no difference between covariant and contravariant components in inertial
frames, the mixing seen in eqs. (91)-(92) goes unnoticed there.

The relation between the total and free charge and current densities can be written as

- < - oP 5
ﬁ:ﬁfree_V'P> J:Jfree‘i‘a‘i‘CVXM;
= oP -
or p:pfree_V'P> J:Jfree‘i‘a‘i‘CVXM. (93)
or in 4-vector form as
J'g = ‘]f[fee + CaaMaﬁ or J,g = Jfree,ﬁ’ —+ CaaMag, (94)

The constitutive equations,
D=D=¢E=¢E and B=B=,H-=;H, (95)

hold only in an inertial rest frame of a linear, isotropic medium. If the medium has velocity
u (u < ¢) with respect to the (inertial) lab frame, the constitutive equations in the lab frame
are

]~)+%xﬂ:e(]§)+%x]§> and B—%xE:M(ﬁ—%xﬁ>, (96)

or D+%><H:e(E—|—%><B> and B—%xE:u(H—%xD>, (97)
which can be expressed in tensor form as

Hogu’ = eFoau” and Foptl® = pHopu”, (98)

or H*ug = eF*Pug and FPug = uH*ug, (99)

using the dual tensors introduced in eqs. (84)-(86), as first noted by Minkowski [3]. The
pairings in egs. (98)-(99) follow those made for Maxwell’s equations (89)-(90).

In the present case of a medium that is at rest in a rotating frame, the constitutive
equations (96)-(97) hold in the lab frame, since these relations summarize physical effects
in a very small region about the point of observation, for which a Lorentz transformation
between the lab frame and the comoving local inertial frame of a point at rest in the rotating
frame provides an adequate description. A remaining issue is the form of the constitutive
equations in the noninertial rotating frame. This technical issue is not relevant to an analysis
of quantities in the lab frame, as observed, for example, in the Wilson-Wilson experiment
4, 5].

A third constitutive equation is Ohm’s law for the conduction current Jo, which has the
form

Jo=oE (100)
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in the rest frame of a medium with DC conductivity . We consider only the case of
conduction currents in a neutral medium, so that their is no net charge density associated
with the conduction current.'® Then it is consistent to write Ohm’s law in a form similar to
that of the Lorentz force law (77),

J& = (Jo-u/e,Jo) = 0FPus = o(E-u/c,E +u/c x B), (101)
Joo = (Jo-u/e,~J¢) =cFpu’ =c(E-u/c,—E —u/c x B), (102)

where u is the velocity of the conductor relative to the lab frame. Thus, the conduction
current is

jC:a(E—l—ExB):a(E—l—EXB):JC (103)
C C

in a moving conductor. There is little physical significance to the time components oE -u /c
and oE - u/c in the case of a moving conductor. For a more general discussion, see [33].

A.3 Transformations from Lab to Rotating Frame

The (cylindrical) coordinates in the rotating frame (denoted with a ') are related to those in
the lab frame by
t'=t, =, ¢ = — wt, 7 =z, (104)

so the contravariant, rectangular coordinate transformation is

0 1 w Y 2 LW w 3
2" =2 2" =atcos =2 4+ a%sin —2¥, 2 = —zlsin a4+ 2?cos =20, 2”0 = a?,
c c c c
(105)
whose inverse is
0 1 W 0 2 . W 0 1. W 0 2 W 0 3
20 =2", a2t =2a" cos=z" —z'"sin—=xa", x*=2a"sin—=a" 4+ cos =z, z3=2".
c c c c
106)
A contravariant 4-vector A% transforms according to
ox'*
A= AP (107)
oxP
while a covariant 4-vector A, transforms according to
O0xP
I
A, = B A6 (108)

When writing 02’ /02" and 02°/02'" as matrices (and A% and A, as column vectors),
indices o and (3 label the rows and columns, respectively.

15See prob. 11.16 of [32] for the case when convection currents are present.
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A.3.1 Covariant Vectors and Tensors in the Rotating Frame

To transform covariant vectors and tensors from the lab frame to the rotating frame we use

1w wo 1w ow o)1 o0 0 0
0z’ 0 cos9z? —sin<z® 0 |01 00 0 cos<z? —sin<z? 0
07" | 0 sin 0 cos2z® 0 oo 10 0 sin“z’ cos?z® 0
0 0 0 1 0 0 0 1 0 0 0 1

(109)

where v = (v,,v,,0) = (—wy,wz,0) is the velocity in the lab frame of the point x’ in the
rotating frame. The transformation (109) is composed of a rotation about the z axis and
another transformation that mixes space and time components. When describing 3-vectors,
a rotation of the coordinate axes can be said to change the components of that vector, but
not the direction and magnitude of that vector with respect to the “fixed stars”. If we accept
this view, then it suffices to describe the transformation from the lab frame to the rotating
frame by only the first of the two transformations in the last form of eq. (109),

1 &=

o &

0xP 0
a.CE/a N 0
0

7 (110)
NR

o O =
= o O O

0
1
0

where the subscript NR, means that a nonrotating basis for 3-vectors is used in the rotating
frame.'¢
Using the form (110) in eq. (108), we find that the covariant 4-velocity u, = (¢, —u)
transforms to
ul, = (c,—u') = (¢(1 —u-v/c?),—u) = (¢, —u), (111)

after ignoring the second-order term u - v/c?. The covariant speed of light in the rotating
frame remains ¢, but the covariant velocity u’ = u is unaffected by the transformation to
the rotating frame. This alerts us to the need for care in interpreting vector and tensor
quantities in the rotating frame. In particular, a particle at rest in the rotating frame has
lab-frame velocity v = w X x, so the covariant velocity u’ “observed” in the rotating
frame of a particle at rest in that frame is nonzero!!”

Similarly, the covariant 4-current density J, = (cp, —J) transforms to

Jo = (cp', =) = (c(p— T -v/c*),=J). (112)

16The transformation (110) is also NonRelativistic in that terms of order v?/c? have been omitted.

I"This author has no idea how a measurement could be made in the rotating frame of a particle at rest
in that frame so as to assign a nonzero velocity to that particle. Rather, it seems that the covariant velocity
u' =u = (u—v)+ v in the rotating frame has a “fictitious” component equal to the velocity v of the point
of observation relative to the lab frame.
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The the covariant current J’ = J is unaffected by the transformation to the rotating frame,
while the covariant charge density o/ = p — J - v/c? follows that of a low-velocity Lorentz
transformation. This behavior is called the magnetic Galilean transformation in [27].

The transformation of a covariant tensor F,s from the lab frame to the rotating frame
(with nonrotating basis) has the form

ox?
B
NR ox'

ox”

!
Flap = ox'™

Fs. (113)
NR

Applying this to the covariant electromagnetic tensors (70), (71) and (72) we find the co-
variant field vectors in the rotating frame to be

E-E+-xB, B =B, (114)

C
D=D+>xH  H-=H (115)

C

and v
P=P-YxM  M=M (116)

C

A.3.2 Contravariant Vectors and Tensors in the Rotating Frame

We now have two methods to obtain the forms of contravariant vectors and tensors in the
rotating frame. We can use eq. (107) to go directly from the lab frame to the rotating frame,
once we have found the version of 9z'“/0x" that applies to a nonrotating basis in the rotating
frame. Or, we can use the metric tensor ¢’ in the rotating frame (once we have identified
this) to go from covariant to contravariant vectors and tensors in that frame according to

A =gPa, F = ggP R (117)

For these two approaches to be consistent, we need that

0xP x oxr'
A — g/aﬁA/ _ g/av _ 96,6/1'8 _ Aﬁ, (118)
9" | g 9" | g 02" |\p
i.€., that
ox'” jary 020
— . 119
oxP NR 0" |\r 9o5 (119)
Recalling eq. (105), we have that
1 0 0 0 1 0 0 0 1 0 0 0
o' % cos £z?  sin“z" 0 % 1 00 0 cos#z’ sin9z 0
O’ % —sin22% cos2a? 0 % 010 0 —sin“a® cos<a® 0 7
0 0 0 1 0O 0 01 0 0 0 1
(120)
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where v/ = (v}, v,,0) = (wy', —wa’,0) is the velocity in the rotating frame of the point in
the lab frame whose present coordinates are x’ in the rotating frame. As before, we omit
the rotation so that vectors in the rotating frame are defined with respect to a nonrotating
basis. Then velocity v/ = —v, where as before v is the velocity of point x" with respect to
the lab frame. Hence,

1 000
s — 10 0
O S o= (121)
0% |xg | =2 0 1 0
0 001
To identify the metric tensor ¢’ we recall eqs. (104)-(105) to write the invariant interval
as
ds* = d(2°)? —d(z")? — d(2?)? — d(2*)? (122)
/2 71
= (@) — d(z'M)? — d(@})? — d(z”)? — 227 d(a0)d)t) — 2255 d(2°)d(2'?),
c c

where we ignore a term of order w?r?/c. Thus, the (symmetric) metric tensor in the rotating
frame is

] oo b

gs =9 = ‘ : (123)

o 2 1
where we again write (wa'”, —wz'") as (—v,, —v,).'®
As a check, we verify that

1 - W 1= % 0\[(1 0 0 0
o 05| w100 01 00||0-1 10 o0
9T s =
0" |\g N T 00 1 0fl0 0 -1 0
o 0o o —-1J\oo o1/ oo o -1
1 000
— 10 0 o
_ c :0:1:67 (124)
~%o0 10 027 |\g
0 001

on neglect of terms of order v?/c?.

18The determinant of ¢’ is unity, which excuses some glibness in the definition of the co- and contravariant
derivative operators in eq. (75).
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Using the form (121) in eq. (107), we find that the contravariant 4-velocity u* = (¢, 1) =
(¢, u) transforms to

W= (d,0)=(ccu—v)=(cu—v)= g’a’gu%. (125)

The contravariant speed of light remains ¢, and the contravariant velocity u’ = u—v behaves
as expected for a low-velocity Lorentz transformation to the rotating frame. Thus, we might
feel that the contravariant velocity is of greater physical significance than the covariant
velocity u’ = u in the rotating frame

Similarly, the contravariant 4-current density J* = (¢p,J) = (cp,J) transforms to

T = (cp, ) = (cp, T = pv) = (ep, T — pv) = ¢ T}, (126)

The the contravariant charge density p/ = p is unaffected by the transformation to the
rotating frame, while the contravariant charge density J' = J — pv follows that of a low-
velocity Lorentz transformation. This behavior is called the electric Galilean transformation
in [27].

The transformation of a contravariant tensor F*? from the lab frame to the rotating
frame (with nonrotating basis) has the form

o x/ﬁ
)
g O

oz’

F/aﬁ —
ox”

. (127)
NR

Applying this to the contravariant electromagnetic tensors (70), (71) and (72) we find the
contravariant field vectors in the rotating frame to be

E-=E=E, B =B--xE=B--xE, (128)

C C

~, ~ ~, ~ v ~ A"
D=D=D, H=H--xD=H-YxD, (129)

C C

and . . . . v v
PP=P=P, M=M+_xP=M+-xP, (130)

C C

A.3.3 Consistency of the Transformations of the Field Tensors F' and F

When we apply the covariant transformation (113) to the covariant dual field tensor Fogs
defined in eq. (84), whose components involve the contravariant 3-vectors B and E, we obtain

B=B-YxE=B-'xE E=E=E, (131)
C C

which is consistent with the results (128) of the contravariant transformation (127) of the
contravariant tensor F'*? of (70). Likewise, the contravariant transformation (127) of the
contravariant dual field tensor F*¥ defined in eq. (82) yields the same results (114),

B=B, E=E+->xB, (132)
C
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as does the covariant transformation (113) of the covariant tensor Fig of (70).

Hence, it is consistent that the covariant dual tensor F,s is described in terms of the
contravariant fields B and E of the contravariant field tensor F, rather than in terms of
the covariant fields B and E of the covariant field tensor F3.

The relations between the covariant and contravariant fields in the rotating frame follow
from eqgs. (112), (114)-(116) and (126), (128)-(130) as

B =B+ xE, D=D+YxH, E-F+YxB, H-H+YxD,

C C C C
- - - _ J - -

P=P_-YxM, M=M-YxP, p=p -2 T =X+, (133)
C C C

and

B-B-YxE, D-=D-YxH, E-F-YxB, H-=-H-YxD,
C C C C

o/ / \ / r/ / \ / ~/ / J 3/ / /

P:P—i—le\/[, M:M—l—ZxP, p=p+ 2 J=J—-yv, (134

to order v/c. These relations also follow from raising or lowering indices using the metric

tensor, F'*? = ¢*7¢*F. 250 Fop = Gan9s 7, ete

A.3.4 The Derivative Operators 0/, and 9'“ in the Rotating Frame

If we regard the lab-frame derivative operators 0/, and 9'*, defined in eq. (75), as 4-vectors
then we expect that their forms in the rotating frame could be written

, (0 , ) o [0 -\ [0 v 0
aa_<act”v> (015 VV) and 0 _<act”_v>_<act’_v_cact>

(135)
recalling the transformations (110) and (121). Thus, we are led to two different meanings of
the operator 9/0t". To determine whether either of the operations 9/, and 9'® is meaningful,
we consider whether they imply that charge is conserved in the rotating frame:

=, op op op
VA 7AC I/ _r — =
O =V V4=V TV vt P v V)p=V T+ =0 (136)
noting that V- pv = (v - V)p since V - v = 0 according to eq. (19). However,
o op' vaJ dp dJ-v/e dp ov/c
>y = V. J+L=ov.J+ = .
i ot cdct T ot ct =VeIty ot - ct
0
o Rl (137)

since v is the lab-frame velocity of a point that is at rest in the rotating frame.

Hence, it appears that we can use the covariant derivative operator 0/, but not the
contravariant derivative operator 9'“, to obtain meaningful physical results in the rotating
frame. This issue has been discussed in greater detail by Crater [19]. A consequence of this
is that Maxwell’s equations should be expressed in the rotating frame only in terms of the
covariant derivative operator (sec. A.6).
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A.3.5 The Relation between Free, Bound and Total Charge and Current
Densities in the Rotating Frame

While we might expect the relations (94) between the lab-frame free and total'® charge and
current densities would transform to
TP = T e+ cOM™ or Jh= Tl + 0 Mg, (138)

in the rotating frame, we understand from sec. A.3.4 that only the contravariant current
density J'* will be physical when nonzero electric or magnetic polarization are present. The
covariant current density will be nonphysical (when nonzero electric or magnetic polarization
are present) due to the bad behavior of the contravariant derivative operator 9. Hence, it
is better to avoid use of the covariant components of polarization in the rotating frame when
relating polarization to sources of the electromagnetic fields.

The relation between the contravariant total and free charge and current densities can
be written as

ﬁ/ = ﬁ;ree + ﬁ{)ound7 j/ free + Jbound (139)
where )
~/ / "’/ "’/ aP/ / ~ /
Pbound = -V P ’ bound — W +c¢V' x M. (140)

We can verify that eq. (139) is consistent with the transformations (126), (130) and (135),

ﬁ = ﬁ/ = free -V P/ - ﬁfree -V P7 (141)
j/ = j_~V:Jfree+a+CVXM_ﬁfreeV‘i‘V(V'f))
- oP’
= ;ree a / + CV/ X M/
- R P N N - N
= Jfree—pfreev—l—a—l—v(V-P)—Vx (vxP)+cVXM+V x(vxP)
- P - N
= Jfree+a+cv XM — preev+v(V - P), (142)
where we have used the (subtle) relation (23) between the time derivatives P’ /0t = 0P /t’

and 9P /0t.

Despite the difficulty in using eq. (138) to define covariant components of bound charge
and current densities, we will find ourselves desiring expressions for them. Therefore, we use
the relations (133)-(134) to convert the contravariant bound charge and current densities
(140) to covariant components (to order v/c),

. v o= P’ -
p{)ound = p{)ound - g : {)ound - V/ P/ - g . < ot + CV/ X M/>
OoP’
- —V’-P’—V’-( ><1\/I’> V2.<6t’ +cV’><1\/I’> (143)
C

Tn sec. A.6 we will be led to a more general concept of the total charge and current densities in the
rotating frame than that implied by eq. (138).
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- -V .P - _ .7
c 2 o’
I T/ ~/ _ @ I / I D
bound Jbound + PhoundV = ot +cV x M — V(V P )
oP’ oM’
= at,JrcV’xM’Jr%x 57 +V' x (vxP)—v(V'-P)
oP’ v oM’ oP’
= 6t’+CV/XM/+ZX 57 —|—w><P'—wa¢,, (144)

recalling egs. (13) and (22). These forms are counterintuitive, but they are consistent with
transforming the lab-frame bound charge and current densities p, . = —V P and Jpouna =
OP /0t + ¢V x M to the rotating frame using eqs. (23) and (116).

For later use we record the relation between the contravariant and covariant charge and
current densities in the rotating frame, following eq. (134),

2w - M’
ﬁ{)ound = p{)ound + 12 ' {)ound =-V' .P - “ + X V' x Ml? (145)
C C C
{)ound = {)ound - p{)oundv
opP’ v oM opP’
- at/—i—cV’xM’—i—v(V’.P’)—i—zx 57 —|—w><P’—wa¢,. (146)

The forms (139) and (143)-(146) reinforce that the contravariant forms of charge and current
densities in the rotating frame, as expressed in terms of contravariant field components
(139) correspond most closely to our experience in inertial frames. Both the covariant forms
(143)-(144) and the contravariant forms (145)-(146) expressed in terms of covariant field
components include terms whose significance is not immediately evident. From Newtonian
mechanics in rotating frames, we are used to the notion of “fictitious” forces that appear
“real” to observers at rest in the rotating frame. The electrodynamics of rotating systems
is even more complex in that it leads us to multiple expressions for physical quantities, and
these are especially intricate in the case of bound charge and current densities.

The form (145) for the contravariant charge density in terms of covariant components
indicates that magnetization in the rotating frame is associated with a bound charge distri-
bution. This gives another perspective on the well-known result (see, for example, sec. 88 of
34], sec. 18-6 of [35] and also [31]?° ) that a nonzero bound charge density in the lab frame
is associated with moving/rotating magnetization.

A.4 Lorentz Force and Ohm’s Law in the Rotating Frame

Now that we have expressions for both covariant and contravariant vectors and tensors in
the rotating frame, we can evaluate the Lorentz force on a charge ¢ there.

20Consider a cylinder that has unit permittivity e and uniform magnetization My parallel to its axis when
are rest in the (inertial) lab frame. Then, when the cylinder rotates with angular velocity w about its axis
in the lab frame, it has radial covariant electric polarization P = v/¢ x My = (wMyr/c) T in the lab frame,
while in the rotating frame P’ = 0 and the axial covariant magnetization is M’ = My [31]. The bound
charge density in the bulk of the cylinder is pyyuq = —(1/7)d(rP,)/dr = —2wMy/c in the lab frame and
Phound = —2w - M/ /c = —2wMy/c = pyouna i the rotating frame.
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The contravariant Lorentz force in the rotating frame is
i qF’aﬁugj = q(E v /ce,E' + v /e xB') =q¢(E-u/c,E +u/c x B), (147)

plus terms of order uv/c?. The contravariant 3-vector Lorentz force in the rotating frame is

/

i’-”:q<E’+5x]§’>:q(E+3xB>:f, (148)
C C

which equals the 3-vector Lorentz force in the lab frame as expected. However, if one works

only with quantities in the rotating frame, one must remember to use the counterintuitive

covariant 3-velocity u’ = u together with the contravariant electric and magnetic fields to

obtain a valid result. This prescription has the peculiar feature that a particle at rest in the

lab frame (u = 0) feels no magnetic force according to an observer in the rotating frame,

although the naive description is that such a particle has velocity —v in the rotating frame.
We can rewrite eq. (148) as

5/

=g (E’ + L B’) TIPARNS -1 (149)
C C

where ' = u—v is “clearly” the velocity of the charge in the rotating frame. Then, the first
term in eq. (149) has the form we expect for the Lorentz force law, while the second term
can be called a “fictitious”, frame-dependent magnetic force.

The covariant Lorentz force in the rotating frame is

flo=qF.u” =qE W)c,~E —d/cxB)=q(E- (u—-v)/c,~E—u/cx B), (150)

plus terms of order uv/c?. The covariant 3-vector Lorentz force f’ in the rotating frame is
~/
f’:q<E’+5xB'>:q(E+3xB>:f. (151)
c c

Again, the 3-vector Lorentz force in the rotating frame equals that in the lab frame, but the
form of the Lorentz force in the rotating frame matches that expected from experience in
inertial frames.

Thus, the covariant form (151) of the Lorentz force law in the rotating frame is more
appealing than its contravariant form (148).

The covariant Lorentz force (150) on the contravariant charge and current densities in
the rotating frame is

fla=FlJ%c=(J E[c,~pE - /[cx B). (152)
The covariant 3-vector Lorentz force f’ in the rotating frame is

J/ ~ ; + J{)ound

= B 4 = 5B = (e + Phowna) B + = 3:2 (153)

C

where the contravariant bound charge and current densities 7,4 and Jj_,.q can be ex-
pressed via covariant field components as in eqs. (145)-(146).
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In a similar manner, Ohm’s law (101)-(102) transforms to the rotating frame as

&= 6w /e,J6) = o™iy = o(B/ - u//e, B + /e x B), (154)
J = (3 C,—J/ :UF/U =o(E - c)—E/—u C><]3/7 155
Ca c e} af

Both the covariant and the contravariant conduction-current 3-vectors Jo and jg in the
rotating frame are equal to the conduction current Jo in the lab frame,

/ ~/
L= (E’ ><B’>:a(E+E><B>:J(;:J'Cza<E’+5><B’>, (156)
C C C

However, the awkward form of the covariant 3-velocity u’ may again lead one to prefer use
of the covariant version Ji, of the conduction current in the rotating frame.

A.5 Constitutive Equations in the Rotating Frame

We can now evaluate the constitutive equations (98) for a linear, isotropic medium at rest
in the rotating frame, where they have the form

H'uly = eF"*u, and Foluly = ,uH’aﬁug, (157)
or Hgﬁu'ﬁ = eF(iﬁu and f'ﬁu'ﬁ = uH,ps (158)

Recalling eqs. (147), (150) and the duality transformation (86), the constitutive relations
associated with the use of covariant fields tensors (158) are

~ ~ ~ ~
D’+5xH’=e<E’+5xB’>, B’—ExE’=M<H’—5xD’>, (159)
C C C C

and those associated with use of contravariant field tensors (157) are
B o’ B B o’ B o’ o’
D’+—><H’:e<E’+—><B’>, B’——><E’:,u<H’——><D’>, (160)
c c c c

where u' = v and ' = 0 are the co- and contravariant 3-velocities of a point that is at
rest in the rotating frame. The counterintuitive result that u’ = v again leads to possibly
surprising forms of the constitutive equations in the rotating frame,

D' =¢E, B =uH, (161)
from the use of covariant tensors, and

13/+Xxﬁf:e(ﬁ+2x1§f), B _
C C

o<

xE’:u(H’—sz’>, (162)

from the use of contravariant tensors.?!22

2'Equation (161) does not include the form B’ = yH’ as naively expected, because the components of the
covariant dual field tensors involve contravariant, not covariant, fields B and E, as confirmed in sec. A.3.3.
2ZEquations (161)-(162) are not independent in view of eqgs. (133) (134).
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If we use the relations (114)-(115) and (128)-(128) between the co- and contravariant
electromagnetic field in the lab and rotating frames, we quickly recover the constitutive
equations (96) in the lab frame, to order v/c.

We can also write the constitutive equations (161)-(162) in terms of the covariant fields
B’, E', P’ and M’ by noting that D’ = E' + 47P’ and H' = B’ — 47M/, so that to order v/c

P = E

1\ B 1 E’ 1\ B -1
M = [1-=|—+|—-—c¢ Yt (1) 2 HE - Yp (163)
W) 4m 1 ¢ A4m w)Ar  ple—1) ¢
Similarlx, writing the constitutive equation in terms of the contravariant components B’ , E/ ,
P’ and M’ we find

ool (o )Y B g ey g
4 w) c 4w 4 nw—1¢c
- 1\ B
M = (1——)—. (164)
W) Am

Compare eqgs. (163)-(164) with the lab-frame relations (5).

A.6 Maxwell’s Equations in the Rotating Frame

A covariant transcription of the lab-frame Maxwell’s equations (81) and (88) into the rotating
frame is

o . 4
JF,=0 and  O"H; = %ij’reeﬁ, (165)
or

free*

OF=0 and O H= AT s (166)
C

However, as discussed in sec. A.3.4 and by Crater [19], the use of the contravariant derivative
operator 0'“ does not lead to meaningful physical results in the rotating frame. So, we restrict
our discussion of Maxwell’s equations in the rotating frame to the form (166), which can be
written in terms of the electric and magnetic field vectors in the rotating frame as

OB’ . 9D 4m-

=0, VB =0, V'xH' — = —Jfoo, (167

Oct’ Oct’ ¢ e (167)
where 7' = p and J' = J — pv. We can use the relations (134) to obtain the first and fourth
Maxwell equations of eq. (167) in terms of the covariant field vectors in the rotating frame
as

V' D =dnph,.. V'xE+

v H w-H v H’
V' .-D =4 ~/ r Y 2oy ~/ oY o L 1
™ <pfree + V c X 47T> ™ <pfree + ore c V X 47T> ) ( 68)
recalling eq. (13), and
oD’ 47 |~ D’ o (v H
V' xH — = — |J v’ — ] -=|—-x— 169
% oct’ c [ free % (V % 47r> ot (c % 47r>] (169)
iy (e D)., D wD v oW
P 47 dr 4w O  Ame Ot |
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recalling eq. (22). We insert egs. (168)-(169) into each other and keep terms only to order
v/c to find

v-J! w-H v 0D/
V/ . D/ — 4 ~/ _ free _ . 170
g (pfree c2 + 2me Ame  Oct! ) ’ (170)
and
oD’ 47 ~ D’ w 0D’ v oH'
V' x H — - / Y - — — . 171
8 oct’ c ( free T PlrecV W X Adr 4w 0¢  4me 8 ot’ ) (171)

We note the appearance in eqs. (170)-(171) of the covariant charge and current densities

/ Y A\ j%ree o v Jfree
Ptree = Pfree — 2 — HMfree 2 ) (172)
;ree = ;ree + ﬁ;reev = Jfree . (173)

This is formally satisfactory, but counterintuitive, as it requires us to use a free current
density in the rotating frame that is equal to the free current density in the lab frame. We
therefore propose to use a different characterization of the source terms,

. oD’"  A4r -
V'-D' = 47Tpgree,total7 V' xH - oct! = 7 ;ree,totad? (174)
where

ﬁ;ree,total = ﬁ;ree + pgther ) (175)
ﬁ;ree = Prree> (176)

, vdie w-H v 0D
o _v 177
Pother c2 + 2me Are  Oct'’ (177)
gree,total = ;ree + Jgther ) (178)
~;ree = Jfree ~ PtreeV s (179)

D’ oD’ oH'

:)ther = ﬁ;reev Tw X — - v X (180)

A Ar O  dme T ot

However, pl.., and J, .. are not components of a covariant nor of a contravariant 4-vector.
These terms are the “fictitious” charge and current densities first identified by Schiff [6],
which can be nonzero in vacuum as well as inside conductors and inside polarizable media.

We have adopted the attitude that the charge and current densities pj,, and J}., are
“real” to an observer in the rotating frame. However, we see that pl,, ., of eq. (177) involves
the term —v - jgree /c?, and the discussion of secs. 2.2.3-4 indicates that we could regard this
term as “fictitious”. This alerts us to ambiguities as to the meaning of the terms “real” and
“fictitious”, and we will not use these terms further.

To express Maxwell’s equations in the rotating frame in terms of the fields E’ and B and
the total charge and current densities ' and J', we use D’ = E/ 4+ 47P" and H' = B/ — 47M’

in eq. (167) to find

V' -E = 4dn(phe — V' -P) =dnp, (181)

- 151 0 A7 (=~ oP’ ~ 47 ~

/ !/ _ — !/ / ! — !/
V'xB Dot — ( free T Fra +cV' % M) ~ J’, (182)
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recalling eqs. (139)-(140). We use the relations (134) to convert eqs.(181)-(182) to covariant
field vectors in the rotating frame as

B’ w - B’ B’
"E =4 Vi-—x—|=4xn |} -V’ x 183
v W( * ¢ 47r> " (p T e TG 47r> ’ (183)
recalling eq. (13), and
OE/ A | 5 E’ o (v B
"% B — - Tyav el A 184
Vi Oct’ c [ VX (V 8 47r> ot (c x 47r>] (184)

4 5 iv(v. E’ o B E  w OFE v oB’
= —_— Vv —_— —
4 e an oy Awe = Ot |’

recalling eq. (22). We insert egs. (183)-(184) into each other and keep terms only to order
v/c to find

v-J  w-B v OFE
V/ . E/ — 4 ~/ _ o .
g (p 2 + 2mce de  Oct! )

= dm (ﬁ/ + p;nore) = 47Tpfcotal ) (185)
and
OFE/ 4 (-~ E w OE/ A oB’
V/ B/ _ — 0 J/ ~/ - —
8 oct! c TPV wX dr 4w 0¢'  4me Y )
4 4
= 7 (J/ + J;nore) =— c fuotal? (186)
where

, v-J w-B v O0FE
_ _ . 187
Pmore 7 2me Ate  Oct!’ (187)
E w OE/ v oB’
J = — — ) 188
more PV Hwx At 4An 0¢'  4me x ot (188)

An awkwardness in eqs. (185)-(186) is that the contravariant total charge and current
densities p’ and J' contain contributions from the contravariant polarization densities P’ and
M/ , whereas we have otherwise preferred to use covariant fields in the rotating frame. Hence,
it is more consistent to use contravariant component only for the free charge and current
densities pf,., and Ji,., and to rewrite the total charge and current densities as

2w - M’
ﬁ/ = pfree + pbound pfree V/ ' P/ - “ c + % : V/ X Ml? (189)
j/ = free + Jbound
OP’ oM’ oP’
= Jot g F VX M +v(V - P)+ Y x G @ X P W, (190)

recalling eqs. (145)-(146).
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Using eqs. (189)-(190) we can write the total charge and current densities p} .., and Ji,,.;
that were defined in eqs. (185)-(186) as

pfcotal = ﬁ;ree + ﬁ{)ound + pinore
2w - M’
= ﬁ;ree_V/.P/_ wc +%.V/><M/
v (= opP’ , , w- B’ v OFE
A o LoV xM V.
c? ( free ot’ T * 2me dre  Oct!
iy v oz, , oo, w-H v 0D’
S TR, (R % -V
Phice ™ 3 " Ftrec - 2me dre  Oct!
= ﬁ;ree,total -V.P 5 (191)
fcotaul = ~;ree + j{)ound + J;nore )
~ opP’ v oM OP’
/ / / / / /
= free—l—ﬁ—ircv xM +v(V ~P)—|—E>< 50 +wxP —wa(b,
2w-M' v E  w OE A\ 0B’
Piee — V' - P/ — —- V' xM X — — — - X
i (pfree c ) T T o¢"  Awe O
~ opP’ D w oD’ Y oH’
— ! - V/ M/ ~/ X — = _ X
free ot’ Tevex T PV T W A7 4w 0¢'  4Amc = Ot
~ oP’
= J;ree,total + =t CV/ x M ) (192)

ot

where the charge and current densities pf . tora @0d Jfeo ot Were defined in eqgs. (175)-(178).
Thus, we have multiple ways of accounting for the source terms in Maxwell’s equations for
the fields E' and B’ in the rotating frame. Because the “other” source terms depend on
the fields in the rotating frame, Maxwell’s equations cannot in general be solved directly for
the fields in this frame. Rather, an iterative approach is required, for which the somewhat
inelegant forms (191)-(192) and may be of use.
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