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Lossless beam splitter has been studied by the exact diagonalization of the homodyne
photocurrent. The probability of totally symmetric and totally antisymmetric output
from a balanced beam splitter fed by arbitrary number states has been evaluated. Ef-
ficiency of photon mixing to synthesize highly excited number states has been also dis-
cussed.

1. Introduction

The beam splitter is a simple device, however providing a deep insight into the quan-
tum nature of the electromagnetic field. Many experiments on the wave-particle
duality has been indeed performed by mixing weak light beams in such a device.!
In a beam splitter two different spatial modes of the radiation field are linearly cou-
pled through the interaction with a medium showing first order susceptibility. Such
an optical coupler can be realized by a dielectric interface, a passive interferometer
and also by all-fiber devices.2™*

Balanced beam splitter is defined as one showing equal values for the transmis-
sion and reflection coefficients. It has been received much theoretical attention.>-
Apart from the appeal of symmetry this is mainly due to the fact that a balanced
beam splitter is the basic ingredient of the homodyne detection scheme.”!! A bal-
anced beam splitter with input arms fed by one photon each shows totally antisym-
metric output, namely both photons exit from the same arm with unit probability.
This is useful in synthesizing number states with two photons starting from number
states with one photon. The same process with highly excited number states has
not umnit probability. Thus the efficiency of photon mixing as a process to synthe-
size number states decreases. The evaluation of synthesis efficiency requires the
computation of higher symmetries in photon mixing.

In this paper we approach the problem of beam splitter output starting from
homodyne detection. First we derive an exact diagonalization for the homodyne
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photocurrent and then, using this result, the probability of totally symmetric and
totally antisymmetric output from a beam splitter.fed by arbitrary number states
has been evaluated. Finally, a conditioned measurement scheme has been suggested
for producing highly excited number states by photon mixing. Its efficiency when
implemented with currently available detectors has been also discussed.

We report a brief description of beam splitter and homodyne detection in Sec. 2
whereas Sec. 3 is devoted to the diagonalization of the homodyne photocurrent. The
occurrence of totally symmetric and totally antisymmetric output and the number
states synthesis efficiency are discussed in Secs. 4 and 5. Some concluding remarks
are contained in Sec. 6.

2. Beam Splitter and Homodyne Detection

A schematic diagram of a beam splitter is reported in Fig. 1. Such an optical device
can be easily realized by means of a linear medium where the polarization vector

Fig. 1. Schematic diagram of a beam splitter.

is simply proportional to incoming field P = xE, x = xV) being the first order
(linear) susceptibility. We consider the incoming field excited only in the relevant
spatial modes @ and b (at the same frequency w),

E(r,t) =i/ 22"‘/ [(a+pyeker=w b 4 hel] . (2.1)

The interaction Hamiltonian contain only the resonant terms

ﬁlz—?E:—Xﬁazih-u—J,(aTb-{—abT) y (22)
260‘/

whereas the evolution operator (in the interaction picture} of the whole device is
expressed as

U =exp [z arctan 1/ 2 (a'd + abT)} (23)
T
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where 7 given by

o 17!
T= [1 + tan? (geo—V)] , (2.4)

represents the transmissivity of the beam splitter. The Heisenberg evolution equa-

tions for field modes
A\ _nif\p
(€)= (%) 25

can be exactly solved leading to
c=—it 20+ (1 —7)1/2p
(2.6)
d=11—-71)2a+ 112

In Egs. (2.6) the phase of the mode a (or equivalently that one of b) is arbitrary. A
rotation of the phase frame by 37 leads to

c=7"20+(1-7)"% -
d=—-(1-71)1"2a+7"% 27

which can be obtained from Eqgs. (2.6) by the substitution a —+ —ia. In the following
we prefer the form (2.7) as they look closer to their classical counterpart.
A schematic diagram of a homodyne detector is depicted in Fig. 2.

. O

floccfc D=f1—j2

- jz Kdtd‘

T=1/2

Fig. 2. Schematic diagram of a homodyne detector.

Using Eqgs. (2.7) we can express the homodyne photocurrent in terms of the
input modes

D= (2r —1)(a'a — b'b) + 2¢/7(1 = 7)(a'b + ab’), (2.8)
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which reduces to
D=a'b+ab'. (2.9)

for balanced (7 = 1/2) beam splitter. Balanced homodyne detector is often used
to determine the statistics of one-mode field quadrature. In brief, if the mode b is
placed in a highly excited coherent state (a quasiclassical state) we can substitute
in Eq. (2.9) the field mode b by the complex amplitude » = |z| exp{iy}, so that the
reduced photocurrent

D

I=
2|z

1 . .
= 5(a'e +ae™¥) (2.10)

traces exactly the field quadrature a,, of the mode a. Here we shall consider a more
general situation, in which also the mode b can be placed in quantum state. Thus,
the homodyne photocurrent D is a two-mode operator acting on the whole Hilbert
space H, @ Hp, the direct product of the Hilbert spaces of the two modes. In the
next section we will report the exact diagonalization for the operator D in terms of
two-modes states.

3. Diagonalizing Homodyne Photocurrent

The basic tool of our calculations is represented by the unitary transformation
described by the operator
Z:i)‘ — eA(aTb—abT) ] (31)

The transformation in Eq. (3.1) acts on the total Hilbert space H = H, @H | which
is the direct product of the two Hilbert spaces describing the two modes respectively.
Using the operatorial relations

N -

- R o 1 - . .
eA Be A::B-}-[A,B]-}-E[A,[A,B]]_}...._*_

+ = [AA,..JAB]} +--, (3.2)
R

one obtains the action of /{; on the single-mode Bose operators which results in the
following linear combinations®

L?; a a,\ =acos A+ bsin A

At 77 : (3.3)
Uy b Uy = —asin A+ bcos .

Let us now consider the particular value A = n/4 which leads to the symmetric
combinations

#We use the notations @ and b for the single-mode Bose operators. This is for symplicity as no
ambiguities can occur. A more formal notation would be a © 1, and 1, ® b with 1;, i = a,b
denoting identity operators in the single-mode Hilbert space.
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~ 1

Ul aﬁ,, = b+a

‘o x x/4 /4 \/5( )
= Z e . N 1 . (34)

uﬂ_/4 bu,,/4 = E(b— a)

In this way it is possible to reexpress the operator D as
D=Uul /4(afa —b'b): Uy g, (3.5)

which will become very useful in its diagonalization. Indeed, the eigenvalues prob-
lem for the operator D

D16)) =d18))., (3.6)
can be rewritten in terms of the eigenvalues problem of the operator a'a — bt
(a'a—b'b) V) =d|v)), (3.7)
where R
)} = Uz s 16)) - (3.8)

In Egs. (3.6), (3.7) and (3.8) the symbol |-)} denotes a state in the total Hilbert
space H.

The eigenvalues problem in Eq. (3.7) can be easily solved by the Fock description
of the two-mode Hilbert space. We easily find

In+da ® [n)s, dezZ+,
Py =< |n)e ® [0k, d=0, (3.9)
n)e @n-dy, dezZ-,

where |g)a5, ¢ € N denote the eigenstates of the number operators 7, = ata in H,
and 7, = bfb in H, respectively. In Eq. (3.9) Z* = £N denotes the positive and
negative sets of integers respectively.

The eigenvalue d has countable degeneracy, corresponding to one-integer-
parameter set |V("))) of eigenstates. In order to solve the original eigenvalues prob-
lem we have to compute their transformation under the action of the operator ZZ, /45
that is from Eq. (3.8)

6y =il ™)) (3.10)

With the aim of evaluating Eq. (3.10) we consider the Schwinger two bosons
realization of SU(2) Lie algebra!?

[j+a j—] = 2j31 [j3v j:l:] = :*:‘jzl:
. . 1 (3.11)
Jy =abt, J_ =a'b, Jz = §(bTb —ala).

As can easily recognized from Eq. (3.1) the operator i/ has the form of a SU(2)
displacement

~

U,,/4 = exp {%(j.;. - j_)} . (312)
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This means that it can be disentangled using SU(2) Baker—Haussdorff formula

exp{6J¥ - £J7} = exp{¢J "} exp{BJ*} exp{~CJ 7}

¢ =L tan | (3.13)
14
B =In(1+[¢),
leading to the expression
ZZT{M = exp{ab'} exp{log v2(b'b —a'a)} exp{—a'b}. (3.14)

We now substituting Eq. (3.14) in Eq. (3.10). Upon expanding exponential factors,
and using the action of the powers of Bose operators on number eigenstates,

aP|q) = O(q - -
lg) = ©(g - p) a7 lg — p)
! 1
a'?|q) = %@_ g+ p) (3.15)
exp{Np} |g) = exp{qp} lg) ,
we obtain an explicit formula for the eigenstates
n n+d+k
A e [ (nY(n+d+k 1
) =33 1 () (1)
k=0 =0
9 n+d+k\fn—k-1
l l
Xn+d+k-—D,@[n—k+1). (3.16)

In Eq. (3.15) ©(z) denotes the step function which is unit for nonnegative argument
and zero otherwise.

We now consider the following transformation on the discrete set of indices
entering in Eq. {3.16):

{s=l+k l=%(5+t)
(3.17)

-] — 1 :

It induces a “double spacing”on s — ¢ grid, so that the rule for sum transformation

reads as follows
Ek:; — ZZW). (3.18)
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Fig. 3. The transformation from the k-! grid to the s—t grid is not isometric. A doubling is, in
fact, induced on the latter. In the s—t plane the filled circles indicate the points which belong
to the original grid, whereas empty circles denote spurius pairs. The introduction of alternate
summation is thus needed, as a discrete counterpart of Jacobian determinant.

In Eq. (3.18) the symbol 3 ,**) denotes “alternate” summmation, that is, sum-
mation over even s when t is even and vice versa. We illustrate this rule in Fig. 3.
The summations in Eq. (3.16) become

n n+d+k n+d t+2n
2 2 = S Yers 3T (3.19)
k=0 =0 t=—n s=|t| t=—n+1 s=My;
where
Moe = max{1 +n,t}. (3.20)

From Egs. (3.16), (3.17) and (3.19) we are now able to write a closed formula for
the eigenstates of the operator D.
For positive values of d we have

n-+d
) =3 i in+d—t)a@n+th (3.21)

t=—mn

whereas for negative values of d the same formula holds, however we have to perform
the shift » — n — d.
The coefficients in the expansion (3.21) are given by (positive d)

Cr =300 (o) F K2 F e nn
s=|t|
t+2n , e (3.22)
crl = Z(*t) (=) T Kmdt o= te[-n+1,n+d
s=Mpy
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Kot = \/ (6 o) (027

\/Zn + Eis‘:-(t“")/'zt)p)n +t(s+ tj/2~

Again, the above formulas are valid also for negative d after the substitution n —
n — d. The operator D can be written as

D=3 dM,. (3.24)
dez

where

(3.23)

M, being its spectral (operator valued) measure!?

M= Y |6 (™). (3.25)
neN
Probability distribution for the photon difference is obtained by trace operation
P(d)=Tr{p Ma} = 3 (51als™)), (3.26)
neN

p € H being the total density matrix (not necessarily factorized). For a pure
factorized state at the input, namely

[¥)in Z kL K2, n)e ® Im)s (3.27)
Eq. (3.26) reduces to
n+d 2
=Y D O kg dkRs (3.28)
n€EN jt=-—n

Still Eq. (3.28) is valid for positive d, whereas for negative d the shift n — n —d
has to be performed on the index n.

4. Higher Symmetries in Photon Mixing

In this section we use the diagonalization of the homodyne photocurrent to extract
information on the statistics of photon mixing. First, we present the result for the
case of photon splitting. We consider a mode excited with N photons mixed with
the vacuum by a balanced beam splitter, that is we have at the input

[¥)in = [N)a @ 10)s -
The whole set of the possible output states can be written as
|’¢)>out = |N>a @ |]V - d)b s (41)

where
de€eZand|d] < N.
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Remarkably their probabilities (the probabilities of their occurences) are governed
by only one coefficient Ct"’d. As it can be easily checked from Eq. (3.28) only the
value of d leading tu even (N £ d) has nonzero probability. For these values the
probability distribution reads as

_ o =ayzaf> _ 1 N e
P@)=c0R | = 5 o g oW -, (42)

O(z) being the step function.
Let us now consider the more general case, where both the input modes are
excited in arbitrary number states

[¥)int = |N1)a ® | N2)s -
We have totally asymmetric output when, after interaction, one of the two states
hb)Ollt = IO)B ® |N1 + ‘N2>b

or
lw)out 2 |1Vl + N2)a ® IO)b

is emerging from the beam splitter.
The probability PA(Ny, N2) of such an event is governed by two coefficients C}* ‘d

2 2
PAWN, Ny) = [t el (4.3)

corresponding to the two possible values d = £(N; + Ns). A direct inspection of

Eqs. (3.22) and (3.23) shows that

(N + Vo) 1
NiINy! 2Nt Na-1

In Fig. 4b we show the probability of totally antisymmetric output as a function of

the photons number in the two input modes.

PA(NL, N,) = (4.4)

Fig. 4. Probabilities of totally antisymmetric (a), and totally symmetric (b) output from a balanced
beam splitter as a function of the photons number in the two input modes.
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The opposite case of totally symmetric output is realized when the output state
emerging from the beam splitter is given by

';’(Nl + N2)> .

[} out = t%(Nl + N2)> ® b

a

This corresponds to a zero difference photocurrent and thus to a probability
given by

PS(NI N2) - ’CI/Z(NH'Nz),U

2
1/2(N2—Ny) |

) (4.5)
which can be easily computed numerically from Egs. (3.22) and (3.23). Obviously,
probability in Eq. (4.5) is non zero only for even (N} + N3). In Fig.4a we show the
probability of totally symmetric output as a function of the photons number in the
two input modes.

5. Number State Synthesis by Photon Mixing

As can be easily pointed out from Eq. (4.1), is the following. Once the total number
of photons (N; + N,) impinged into the beam splitter is known, a measurement of
the photon number in one arm gives unambiguos information about the number
of photons in the second arm. In other words, the quantum correlations between
the two output modes can be used to uniquely characterize one of them without
perturbing it. This is a kind of a conditioned state preparation and we call it a
number states synthesis by photon mixing. Unfortunately, customary photocounters
can effectively distinguish only whether or not photons are present,'* without any
information on the precise number of recorded photons. Thus, only when the output
of the beam splitter is totally antisymmetric we can, after a photocounting process
in one arm of the beam splitter, predict with certainty which kind of number states
is exiting from the other arm. Moreover, only one-photon number state |1) can be
produced with high reliability from a parametric down conversion process.!® The
synthesis process is thus designed as follows (see also Fig. 5). Two single photons are
firstly mixed by a balanced beam splitter. At the output the photons are packed
in the same mode with unit probability, so that a two-photon-number state |2)
is produced with efficiency equal to one half. This two photons number state is
subsequently mixed with a one-photon-number state |1). If a photocounter placed
in the probing arm counts no photons we are sure that a three-photon-number state
I3) is travelling down the remaining arm.

Further mixings with other one photon number states eventually lead to the
desired excitation number.!® In each step only a fraction %PA(n, 1) of the events lead
to the desired antisymmetric output. Therefore, the total probability of synthesize
a n-photons number state by photon mixing follows the recursion relation

P,(n) = PA(n—-1,1)P,(n — 1) = P.(n—-1), (5.1)

n
gan—1
where P4(n, 1) is given in Eq. (3.28) and P,(1) = 1. In Fig. 6 we report P,(n) as a
function of n. This probability decreases rapidly as a function of n, thus indicating
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—9
Final State

1) _74_'_. No counts 37.5%
1) .__7L..._. No counts 75%
11y ._7L.’_.. No counts 100%

1)

Fig. 5. Schematic diagram of photon mixing device to synthesize higher excited number states
starting from one photon state. All beam splitters are balanced and efficiencies at each step are
from Eq. (5.1).

Fig. 6. Probability of producing a n-photons number state (synthesis efficiency) by photon mixing.

that number state synthesis by photon mixing is an effective method for preparation
of number states only when a not-too-large excitation number is needed.

6. Conclusion

The eigenvalues problem for the homodyne photocurrent D = a'b + ab' has been
exactly solved upon a suitable unitary transformation. Using this result the occur-
rence of totally symmetric and totally antisymmetric output from a beam splitter
fed by arbitrary number states has been evaluated. The efficiency of photon mixing
in synthesizing highly excited number states starting from single photons has also
been discussed. This quantity rapidly decreases with increasing excitations of the
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required number state, becoming vanishingly small for n > 10. However, this neg-
ative result should be compared with that one coming from number synthesis by
nonlinear interaction.!? In that case the bare efficiency of the process is higher than
in the present linear scheme. However, there is an intrinsic inefficiency, related to
high order susceptibility process, which again makes this synthesis scheme a very
low rate one.

The homodyne photocurrent diagonalization can be also be useful in recovering
information about the mode a viewed as an unknown signal mode probed by the
mode b. In such a quantum state measurement!6:!7 scheme Eq. (3.28) is suitable to
evaluate the different statistic coming from different probe mode. Work along this
line is in progress and results will be reported elsewhere.
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