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Photon bunching and multiphoton interference in parametric down-conversion
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A number of multiphoton interference schemes involving independent fields from parametric down-
conversion are analyzed. They include fourth-orftero-photon interference between two fields from two
independent parametric down-conversion processes, interference with two independent single photon Fock
states(produced by gated parametric down-conversi@nd quantum state teleportation and entanglement
swapping. It is shown that the visibility in these interference experiments is related to a quantity that is
responsible for the photon bunching effect in one of the fiékignal or idlej from the parametric down-
conversion process. Besides the two-photon interference schemes, a four-photon interference scheme is dis-
cussed where we consider four-photon partition at a beamsplitter. It is found that probability distribution of the
partition is dramatically changed by four-photon interference of six paths and the four-photon effect also
depends on the same quantity responsible for photon bunching. We will discuss the difference between
two-photon interference and four-photon interfered&L050-294{©9)05107-0

PACS numbeps): 42.50—p, 42.65-k, 42.25.Hz

I. INTRODUCTION requires that pulse shapes of the down-converted fields over-
lap in time(temporal mode matchingBecause of the intrin-

Generation of multiparticle entangled states has attractesic incoherent nature of the parametric down-conversion pro-
much attention ever since Greenberger, Horne, and Zeilingaress and the dispersion in the nonlinear medium, the fields so
(GHZ) [1] showed that more dramatic violation of locality produced are usually not transform limited, making it diffi-
by quantum mechanics can be achieved with these states. $uolt to achieve temporal mode matching and thus resulting in
far the proposed schemes for the generation of multiparticleeduced visibility of the interference. Optical filtering can
entangled states are based on interference between indepéorce the pulses to be transform limited and thus improve the
dent fields from parametric down-conversid3]. The idea visibility. But the bandwidth of the optical filters must be
behind these schemes is the possibility of creation of fournarrow as compared to the pump bandwidth and down-
photon GHZ state by accidentally combining two pairs ofconversion bandwidthl3]. Therefore, visibility of the inter-
independent down-converted photons. Interference with inference depends on various parameters such as the filter
dependent fields from parametric down-conversion is alstvandwidth, pump field bandwidth, and the dispersion of the
applied to quantum information processing, such as quantumown-conversion medium. Perhaps because of such compli-
state teleportation where two-photon entangled states amated dependence, a visibility of only about 70% has been
used to teleport an arbitrary unknown polarization stateobserved so far in the interference between independent
[4-7]. In all these applications, high visibility in interference parametric down-conversidrb,7]. Since higher-order coin-
is necessary to make the GHZ argument on nonlocality andidence signal is usually quite low and whole interference
to increase the fidelity of the teleported state. Furthermorepattern has to be recorded before the visibility can be ex-
interference among independent fields plays a crucial role itracted, the procedure to improve the visibility is proved to
the correct outcome in quantum computirgj. be extremely tedious and time consuming. In this paper, we

On the one hand, high visibility is easily achievable inwill show that the visibility in a number of higher-order in-
quantum interference involving two correlated photpds  terference schemes is connected to a quantity that is a mea-
On the other hand, because of the independent nature of tlsaire of photon bunching effect in one of the two down-
down-converted fields involved in the interference schemesonverted fields. This quantity is easily measurable and will
mentioned above, stationary fields cannot be used unless tlagd us in improving the visibility for higher-order interfer-
bandwidth of the fields is much smaller than that of the de-ence between independent fields.
tectors[10], or in other words, the coherent length of the  Photon bunching is a well-known higher-order effect usu-
down-conversion field must be long enough so that withinally associated with optical fields with thermal fluctuations
the detection time period, the phases of the fields are corj14]. It was proved that optical amplifier without input signal
stant. However, such a requirment can be relaxed if nonstaxhibits thermal fluctuation—spontaneous emission basically
tionary fields are used. Zukowskt al.[11] and Rarity[12] s of thermal natur¢15]. It is also known that in parametric
recently showed that if an ultrashort pulse is used for pumpédown-conversion processes, as far as only one beam is con-
ing the parametric down-conversion process, the timing proeerned, it behaves as an amplifier. Therefore, spontaneous
vided by the ultrashort pump pulse can overcome the probparametric down-conversion should also exhibit photon
lem of slow detectors. But high visibility in interference bunching effecf16]. Such an effect has been ignored so far
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in all the higher order measurement in parametric down- . .

conversion because of the extremely wide bandwidth of |‘D1>=J dwy dw, (w1, 0;)al(w1)a (w,)|vad,
down-converted fieldéin the terahertz rangeSuperficially, (2.29
there seems to be no connection between the photon bunch-

ing effect and the visibility of interference with the fields 1

from parametric down-conversion. However, if we notice the |<I>2)=§J dow;dw, dw; do; P(w,0,)P(w],0;)
conditions for the observation of photon bunching and for

high visibility in interference between independent fields, Xé_’r(wl)é_‘r(wz)éw‘(w/)é_’r(w/)|vac>_ (2.2b
they are startlingly similar: both require the bandwidth of the S ' s TR

fields be much smaller than that of the detectors in the casene information about the pump field and the parametric

of stationary fields. For nonstationary fields, the photonjnteraction is contained in the functio® (wy, w,), which
bunching effect has never been treated, especially for thgas the explicit form of

pulsed parametric down-conversion process.

Most of the higher-order interference schemes investi- P (w1,07)=ap(w1+w) w1+ 0,01~ wy), (2.3
gated so far(including GHZ multi-particle interferometgr
involve quantum interference between two patfteo  where a,(w) describes the pump field spectrum and
waves. More interesting phemonena occur when more pathg(w,,») is the two-photon wave amplitude for single-
(waves participate in interference, as in the diffraction pat- frequency (»,) pumped parametric down-conversion. For
tern from a multiple slit ensembléalso known as optical near degenerate case, we hapfw,,w)=¢(w,,—w) SO
grating in contrast to Young's double slit interference pat- that ®(w,,w,) has the exchange symmetr(w;,w,)
tern, and in the output of a Fabry-Perot interferometer com=d(w,, ;). The coherence property of the pump field is
pared to the output from a Michelson interferometer. As ajetermined by the functior,(w). For stationary fields,
matter of fact, in Shor's algorithm of quantum computing a,(w) is a stochastic function ab and satisfies the relation
[8], multiple path interference effect similar to that in optical (a(w)a* (w'))=I p(®)8(w—w') with 1,(») the spectrum
grating is used to ensure correct outcome with 100% cergf the pump field. For a coherent pul&eansform limited,
tainty even though quantum process is usually associateglp(w) is a well-behaved deterministic function af. Here
with randomness. There have been some discussions @Re pump field is treated as a classical field. So for parametric
multi-path interference in a generalization of two-photon in-gown-conversion pumped by a coherent pulse, the function
terference in a tritter where three paths are involved in interq)(wl,wz) is a nonrandom function. Without loss of gener-

ference[17]. o ~ ality, we impose the normalization condition dn(w; ,,):
In the following, we will first discuss the photon bunching

effect in parametric down-conversion pumped by a pulse and

find the condition for its observation. Then in Sec. IIl, we f dw; dw,| D (w1, 0y)[?=1, (2.4
will consider a number of interference schemes involving

interference between sources from two independent paramedp that botHd,) and|®,) are normalized.

ric down-conversion processes. The first one concerns two- To find out the physical meaning of, let us first calcu-

photon interference between two independent signal fields ghte the single photon detection rate of a single field of down-

two parametric down-conversion process. The second ongonversion. The electric field operators for the down-
deals with the same situation but with coincidence detectiogonverted fields are given by

gated on the simultaneous detection of two idler fields. The

third and fourth schemes involve polarization interferometry R 1 R _

related to quantum state teleportat{dn5] and entanglement E(t)= —f dwag(w)e ', (2.59
swapping[6,7]. We will explore the connection between V2w

photon bunching effect and the visibilities of these interfer-

ence schemes. In Sec. IV, we will investigate an interference . 1 - ot

scheme that involves four photons. We find that the size of Ei(t)= Ef doaj(w)e ' (2.5b
the four-photon interference effect also relies on the photon

bunching effect. In all of the above studies, we W|_II utilize Then the probability rate of detecting a photon in the signal
the theory recently developed for the parametric down- iqier field is given by

conversion process pumped by a coherent plilSg

P1s() = (P [ELDEL(D W) =[[ELOW)[°. (2.6
Il. PHOTON BUNCHING EFFECT IN PARAMETRIC
DOWN-CONVERSION It can be easily calculated by using the state in @dl) that

_ . to the first nonzero order of, p;s(t) has the form of
The process of parametric down-conversion pumped by a

coherent pulse can be described by the following state: | 7|
P1s(t)= gf dw;

2
f do; P(w;,w)e 1 . (2.7
|®)=(1—|5|?2)|vag + 5| ® 1)+ 7?|P2)  (2.1)
Since the pump field is nonstationaigulsed, the probabil-
up to the first order ofy (see later for the physical meaning ity rate depends on time The overall probability of detect-
of 7) [13]. Here the statepP; ,) have the following form:  ing a photon is the contribution from all time:
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Pro= [ atpu01=192 [ doydol@orwP=laf,  A=|nl* [ doydo] do,dofl®(er,0P(0f 0]

@9 = [n|*=P, 219
where we used the normalization condition in Eg.4) in
evaluating the integral. Thereforgy|? is simply the prob-
ability of photon conversion in a single pump pulse.

To see photon bunching in the signal or idler field, letus ¢ 77|4f dw; do) dw, dw) ®(w1,0,) (0], wh)
calculate the two-photon detection probability rate

is the accidental two-photon probability and

. . XP* (w1, w5)P* (w1, w5) (2.16
Pos(ty tr) =||Es(t) Es(t) | W) ]2
o N 2 is the excess two-photon probability due to photon bunching.
=717 Es(t) Bs(t2) [ @2)[7, (2.9 Here normalization relation in E¢§2.4) is used in Eq(2.15.
Notice thaté<.A because of the Schwatz inequality. The
equality holds if and only if the functio®(w,w») can be
factorized intok(w;)h(w,). But this is impossible because
of the complicated dependence @f on w,,w,. However,
- S with the help of narrow band filters before detection, we can
[ag(w)as(w"),al(w1)al(w))] modify the function of®(w;,w,). To see how, we need to
, , , , carry out the above calculation with modified electric field
= 8(w—w1) 80 — )+ w—w])d(w' — o), (2.10 Ope?’ators o

where we used Eq2.1) for the statg ). The stategvac)
and|®,) do not contribute in Eq(2.9). By making use of
the commutation relation

we find the quantity in Eq(2.9) as
| 4 S(t)— \/_f dof(o— a)o)fils(a))e""t (2.173
Pas(ty,tz) = 7] f dw, dwyf{|F(w,,w))|?

+F(w2,w;)F*(w;,w2)}, (2.1 Ei(t)= do f(0—wp)a(w)e'®!, (2.17h

=)

instead of Eq(2.5). Heref (w— w) is the transmission func-
tion of the optical filters centered at the central down-
F(wz,wé)EJ’ dw,do] P(w1,0)P(w;,w)) conversion frequenc,. It can be shown that if we do not
apply the normalization condition of Eq2.4) to Egs.(2.8
X(e—iwltl—mitz_'_e—imitl—iwltz). (2.12 and(2.15, the for_mulas in Eqs(2.8) and (2.14—(2.16 for
P.s andP, are still correct so long as we chan®¢ w4, w»)

Next, we calculate the overall probability for detecting two I Ed- (2.3 to

photons in one pump pulse by integrating the time variables
t;,t, over the pulse period and we obtain P(wy,wp)= f<w1)f(w2)ap(‘°1+“’2)¢(“’l+“’2""1_(‘5’21)é)

where

ps= fw dt, dt, pos(ty,ty) Therefore, we can make the rgﬁ’bA approaching to 1 if we
—o make the optical filter band width much narrower than those
of ap(w) and¢(w, ") so that the dependence®f{w;,w,)

4 © - -
ij dwzdwéj dt, dty|F(w,,w5)|2. on wq,w, comes mainly fronf(wq)f(w,) and®(w,,w,) is

- 2(2m)? factorized. Under this condition we have the perfect photon
2.13 bunching:
= 2 _ -
Under the time integral, the contributions from the two terms 92=Pos/P1s=(A+E)/A=2. (219
in Eg. (2.1) are equal because of the symmetry among
t1,tr,01,01,0,,05 in Eq. (2.12. After some lengthy cal- lIl. INTERFERENCE BETWEEN INDEPENDENT
culation, Eq.(2.13 becomes PARAMETRIC DOWN-CONVERSION SOURCES
Quantum interference between the correlated signal and
Pos=| 7,|4f dw; dw; dedwé[|<b(wl,w2)q>(wi,wé)|2 idler fields from parametric down-conversion has been thor-
oughly studied. It has been demonstrated that high visibility
+ D (w1,0,) P (0], 0p)P* (01,0) D* (0] ,0))] can be easily achieved with careful balance of the propaga-
tion paths for the two fields. For interference between two
=A+¢, (2.149 independent parametric sources, we will show in the follow-

ing that the visibility is associated with the quanti§y.A
where discussed in the preceding section.
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Because of the existence of idler fields |iWr), it can be
easily shown that in Eq(3.3, the statesEqEq|WP),
| oo EwEo|P), and EgEo—EoEy)|P) are mutually or-
A thogonal. So we have
1 F - 2
B pz(tlltz):Z{”Esl(tl)Esl(tz_T)|‘I’>||
- PDC

\ +||Ega(ty+ 1) Ega(ty) | W)]|?

+[|[Esi(ty) Es(ty) = Egp(ty +7)
FIG. 1. Interference between two signal fields of two indepen- . 5
dent parametric processes. X Egi(t,— 1) ]| ¥)[|%}. (3.5

A. Two-photon interference without gating If the coincidence window is r_nuch Iarger t_han the coherence
time of the down-converted fields, which is usually the case

Consider two parametric processes pumped by a cOmmOR experiment, the observed coincidence is a time average of
pulse described bg,(w). The quantum state that describes Po(ty,ty):

the overall system is given by

|¥)=|¥ )| @), (3. Pz(T):ficdtl dty pa(ty,ta). (3.9

1,2 H . . . .
where|¥(*?)) describes the quantum state from each paraypger the time average, the contributions from the first two
metric process and has the form of E.1) with as changed terms in Eq.(3.5) have been calculated in Eq&.9 and

to ag; or a5, anda; changed ta;; or a;,. (2.14). We simply rewrite the result as follows:
We next superpossl ands2 fields with a beamsplitter

but leaveil andi2 fields unattended and observe two- f dtldtz||ésl(t1)|§sl(tz—T)|‘1’>||2

photon coincidence between the two outputs of the beam-

splitter (Fig. 1). The output fields of the beamsplitter are

connected ts1 ands?2 fields by =f dt, diy||Ecp(ty+ 1) Es(ty) [ ¥)]|?
. 1 . . =A+E. 3.7
EA(t):E[Esl(t)+Esz(t+ 7], (3.2a

Notice that these two terms are independent of the time delay
7 and provide the base line for interference fringe. The con-

. 1 . . tribution from the last term in Eq3.5 gives rise to inter-
Eg(t)= E[ESZ(U_ Eai(t=7)], (32D ference. To calculate it, we start Witk (t) Eo(ty)|W):
where we introduced a time delayso that the transmitted Esi(t1) Ea(t2)| V)

and the reflected fields arrive at the detectors at different
times. This time delay is important because wheis zero,

we should have complete overlap of the two fields and maxi- 7? o at 1
mum interference effect; but whenis larger than the coher- = zj dwy dw, P(w1,0)e” 118 (wy)|vad?)
ent time of the two fields, no interference should occur and it

=Eq(t)|[ W) Egy(ty) [ ¥ )

provides a base line for interference. So by comparing the L ! e 1912AT (! vad?)
coincidence at these two values of we can deduce the X | dwydw, O(w1,0y)e “12a),(w;)|vac™)
visibility of the interference. ’
Two-photon coincidence betweéi, andEg fields is pro- - ’7_J' o, dwy do] do) Oy, 0p) (], o))
portional to 2m
N A —iwti—iwlt At At ’
Palty,t) = |Ea(ty) Ealto) W) |2 (33 e (0o)ag(wy)lvag. (39

) For the other term, we can obtain it by simply replactpg
Using Eq.(3.2, we have with t,— 7 andt, with t;+ 7 in Eq. (3.8). So we have
Ea(t1)Eg(t2) |I[Esa(t1)Esa(ty) — Esp(ty + 1) Eqa(ty— 1) ][ W)][?

_ |77|4fd do
(277)2 w Uw;

1 ~ ~ ~ -~ li ! !
:E[Esl(tl)ESZ(tZ) —Ego(ti+ 7)Eq(t,—17) f oy do; Doy, 02)P(w;,;)

2
+Eq(ty+ 1Eg(ty) —Eq(t)Eg(t,— 1] (3.4 X[e iethi-ioity _ gmioyty- ) -ie(ti+7)]
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ik :
:Wf de dw2

X[P(w1,0)P(w1,0))

J dwldwiefiwltlfiwitz

2

— D (0}, w)P(wg,0))e @1 eD7]| (3.9

where we used the fact tha]; (w,)al,(w5)|vad)} is a set of
orthogonal states and we made the switeh— w; in the

second term in the integrand. Now we can carry out the time

average. The result is
f dty dty||[ Eqi(t) Esp(ty) — Egp(ty + 1) Ega(t,— )] )|

~o1* | do do do, dogl (0 0 B(0] 0}

_(I)(“’i7w2)¢(wl,wé)ei(wi*w1)r|2

=2[A-&(7)] (3.10

with
&n=|yl* Ref dw,dow] dw, do) P(wq,0,)

X P (w1,0;)P* (0],0)

X D* (w1, w))e (@1~ oD7 (3.11)
Notice that£(0)=¢, and&(<)=0 if ®(w,,w,) has a finite
bandwidth. Combining Eq<€3.5—(3.7) and (3.10, we find
the overall coincidence proportional to

1
Po(7)=A+ 5[5—5(7')]. (3.12

Therefore, as the time delayscans through O from- to
+o0, the coincidence will show a dip at=0 with a mini-
mum value of4. The baseline for the coincidence isat
+oo with a value of 4+ &/2. So the visibility of the interfer-
ence pattern is

Py(®)—Py(0) €
T P(®)  24+E

v

(3.13

Sinceé< A, the maximum value ob is 1/3. This value is

consistent with the theory of fourth-order interference be-

tween two thermal fields.

B. Two-photon interference with gating
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PDC

4

PDC

FIG. 2. Interference between two signal fields of two indepen-
dent parametric processes gated upon the detection of two idler
fields.

of the interference reach 100% in ideal condition and the
coincidence will dip down to zero at zero delayg=<0). This
interference scheme together with the one in part A has been
recently implemented experimentally by Rhee and Wang
[20]. In the following, we will calculate the visibility in this
interference scheme and relate it to the quantiieand £.

If we gate the coincidence measurement on the detection
of the two idler photons, this corresponds to quadruple coin-
cidence measurement of two output fields of the beamsplitter
and two idler fieldgFig. 2). The coincidence rate is propor-
tional to

Pa(ty,ty 3,1y =|| EA(tl)EB(tZ)Ei1(t3)Ei2(t4)|‘P>|(|;- L

To calculate p;,, we can make use of Eq(3.4) for

Ea(ty)Eg(t,). But it can be easily shown that there is no
contribution from the last two terms, that is,

Ea(t)Eq(to— 1Ei(ta)Ein(ty)|¥)=0  (3.19

and

Esa(ti+ 7 Es(ty)Eir(ta)Ein(ty)|[¥)=0  (3.16
up to the order ofp? because of the two-photon nature of
|®{*?) in Eq. (2.28. For the contribution from the first two
terms, we have

[Eqi(ty)Esa(ty) — Ea(ty+ 7)Egy(ta— 1) 1Ein(ta) Ein(ty) | ¥)
7
~(2m)?

f dw,dw] dw, do) P(w,0)P(w],0))

. - ’ . . !
X[e—lwltl—lwltz—lw2t3—lw2t4

—el o1(ty+ 1) —iwy(tp— 1) —i wzta—iwétﬂ |vac>

In the interference scheme discussed in the preceding
part, the two signal fields from two independent parametric
down-conversion are used without any participation of the
conjugate idler fields. So the two fields are of thermal nature.
However, if we can gate the coincidence measurement on the
detection of the two idler fields in the two parametric pro-
cess, the gated signal fields will be in a single-photon Fock
state[18] and the situation has no difference from the corre-

7]2

= —(ZW)ZJ do;dw; dw, dw)[ P(w),w)P(w],05)
_q)(wi’wZ)(D(wl,wé)ei(‘”i*‘”l)T]

. . 1 . . !
X e_'wltl_lw1t2_'w2t3_""2t4|vac>_

(3.17

lated two-photon casgl9]. We should expect the visibility So the probability rate is
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f dw;dw; dw, de)[ P(w,0,)P(w],03)

2
_ @(wi va)cD(wl 'wé)ei(wi—wl)r]e—iwltl—iwitz—iw2t3—iwét4 (318)

and the overall quadruple detection probability in one pulsagating on the outcome of the Bell measuremerglofinds2,
is the time average over the pulse duration and is calculatetthe state ofi2 is expected to be projected int@;)i,
to be =cosy|X),+sindily),, thus achieving teleportation. The
output polarization state in2 can be checked by making a
polarization measurement in directign. By Malus law, we
should have the detection rate after the polarizer proportional
o, to co2(6,— 6,). Bell measurement osl ands2 is achieved
— (0], 0)P(0,wy)e (@17 e)7|2 by superposing the two fields with a beamsplitter and mea-
suring the coincidence between the two outputs of the beam-
=E[A—5( M1 (3.19 splitter [21]. Notice the similarity in the arrangement be-
2 ' ' tween Figs. 2 and 3. The difference only lies in the
polarization measurement or2 and the state of down-
whereA and&(7) are the quantities defined in EQ.15 and  conversion.
Eq. (3.1, respectively. As expected, the gated dection takes The multimode description of the down-conversion states
out the extrar-independent contribution given in EQ.7)to  is similar to Eq.(2.1). To cope with the polarization state of
the overall coincidence. Therefore, the visibility of the inter-the fields, we introduce extra degree of freedom for polariza-
ference fringe is tion entanglement. The quantum state of the system is given
by

Ps(7)= Tf dw,do] dw, do)| D (w1, w,)P(w],0))

v=_lA. (3.20
(V) =[vW)e|w?), (3.2

In the ideal case whefi= A4, we will havev=1, i.e., 100%
visibility, which is exactly what we expect for the interfer- With
ence of two Fock states. Notice that the visibility is directly
connected to the photon bunching quanétyl. Such a con-
nection has been demonstrated recently by Rhee and Wang
[20].

|‘I'(l)>: 77] dw; dw, (D(wlawz)[éllx(wl)cosal

+aly,(@1)sing;1af}(wp)|vao. (3.22
C. Quantum state teleportation and entanglement swapping

~ Another type of interference effect between independent |y ()= lf dof do) ®(w],0))[ab(w])aL(w))
fields from parametric down-conversion involves polariza- V2

tion entanglement. Interference occurs by projecting fields ~t ot ,

with correlated polarization into certain common direction. —agy(w1)aj(wp)|vag. (3.23
Quantum superposition stems from projection of fields of ) .

different polarizations. Violation of Bell's inequality by Here we only consider the second term in E21) for the
Bohm-type EPR state is related to two-photon interference ofV0 Parametric down-conversion processes. The function
correlated sources with different polarizations. QuantuniP(@1,®2) is same as in Eq2.3). So the state of the system
state teleportation and entanglement swappirg/] are very ~ becomes

similar but involve independent sources. The underlying

principle is the same as discussed in the previous part. Al-

though multimode calculation was performed before on these il
[21], we want to present them here again to derive the vis-
ibility of the interference in terms of the quantitiekand & —>—| IDC
that are associated with photon bunching effect.

Quantum teleportation of an arbitrary single photon polar-
ization state| #;) = cos@y|x)+sin 6,]y) was first proposed by
Bennettet al. and recently demonstrated by Bouwmeester - PDC
et al.[5]. The schematics is shown in Fig. 3. Two parametric
down-converters are used in the demonstration. The first one
prepares a single photon polarization staté;)s;
=C0S6y|X)s1 +SiN By]y)s; in s1 by gating all the measurement
on the detection of1. The second one produces a Bohm-  F|G. 3. Scheme of quantum state teleportation with two inde-
EPR singlet state]EPR =(|Xs2,Yi2)— |Ys2.Xi2))/V2. By  pendent parametric down-conversion processes.
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2
W)= %f dwidw, dw; do) P(w1,0)P(w],0))

At Af At At
X[ag(w1)aj1(wz)agp,( 1) a5, (5)COSH;
L3t A (oAl (oAl (w!)sing

Ag1y(@1)@j1(w2)Agu( 7)Ao (w5)SIN Gy
_ At At 2t At ' 0

ag1x( 1)1 (w2)Ag (@1)ajo(w3)COSH;

ot ot ot ot ;
—ag,(01)a{1( ) a5, (w1) a5 (w;)sinb,]|vag.

(3.29
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. 1 . _
Eil(t)=\/?f do aj,(w)e 1, (3.29

The expansion of the produtf(t;)ig(t,) gives rise to four
terms

IAA(tl)TB(tZ) = IAEj;\xIAEEXIAEAXEBX'I' I’éj;yIAEgyIAEAyIAEBy
ET ET E F ET ET E F
+ EAXEByEAxEBy+ EAyEBxEAyEBx .

(3.30

Similar to Eq.(3.4), we have for the fields of two outputs of Substituting Eq(3.30 into Eq. (3.27, we have

the beamsplitter

1

Eadt)= =[Eax(t) +Eq(t+ 1], (3.253

[N

A 1 . A
Egx(t) = —=[Esox(t) = Eqiy(t— 1)1,

- (3.25h

S

1

Eay(t)= —2[E51y<t)+ Eo(t+n],  (3.250

QI

1 (3.259
- .

Egy(t)= —=[Egy(t) —Egy(t—7)],

&l

doaj(w)e ' (j=slx,sly,s2x,s2y).
(3.26

Pty ta tg,t) =[|Eax(t) Epx(t2) Ec(ts) Ep(ty) | W)]|?
+[|Eay(t1) Egy(ta) Ec(ts) Ep(ts) | W)][?
+||Eax(ty) Epy(t2) Ec(ts) Ep(ts)[W)]|2
+[|Eay(t) Epu(t2) Ec(ts) Ep(ty) | W)]|2.

(3.3)

The overall probability is the time average over the pulse
period and is given by

Pa(7,01,0,)= J, dt; dty dtz dt, pa(ty tz,ta,ts).
(3.32

Besides the subscripf,y}, each term in Eq(3.3)) is
similar to Eq.(3.14). We can follow the same procedure to
calculate their contributions to the overall probability. Due to
complexity, we omit the detail of the calculation here and
present the results as follows:

Here because two polarizations are involved, we consider
both of them in the field operators. The gated detection rate
at detector C for the polarization measurement is propor-

P,(1stterm=a[ A—&(7)]cog 6, sir? 6,,

tional to the four-photon coincidence rate

P4ty o ts,ty) =(Ta(t)s(t) I c(ta)ip(ts)), (3.27)

where
s agoa A
| A= EaEaxtEaEay,
s aga A
lg=EgxEpxt EgyEpy.
lc=ElEc,
TD: EiTlI::ilr
with

. 1 “ n :
Ec(t)= Ef dw[ajsx(®)CoSb,+ ajpy(w)Ssin 6,]e 't
(3.28

and

P(2nd term = a[ A— &(7)]sir? 6, cos 6,,

P4(3rd term = P4(4th term)
=%[A(c05261c0§ 05+ sir? 01 Sint9,)

+2&(7)cosh, cosh, Sin b Sinb,].
(3.33

Here « is a proportional constant. So the overall probability
becomes

Pa(7,01,0,)=a[ A—E(7)sirP(0;— 6,)].  (3.39
In the ideal case when=0 and&é= A, we have
P4(01,0,)=a AcoS(6,— 6,), (3.35

which is exactly what we expect for the output of the polar-
izer in field i2 if the input state to the polarizer %),

= cos6y|X),+sin Ai|y),. Therefore, we achieved the telepor-
tation of the stat¢d,) fromil toi2. In a recent experimen-
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B
i1 12
Polarizer (6,)
—— PDC I[EPR}, BS
A
2
sl A
s2 C>->p4
B iy . .
PDC IEPR), FIG. 5. Scheme of four-photon partition at a 50:50 beamsplitter.
Polarizer (8,) L . .
) for polarization measurement of. Following the same cal-
culation leading to Eq(3.34), we have for the quadruple

measurement
FIG. 4. Scheme of entanglement swapping with two indepen-

dent parametric down-conversion processes. Pa(7,01,0,)= o[ A= E(7)coS (61— 6)].  (3.40
tal demonstration of teleportatids], 6, is fixed atm/4 and " the ideal case when=0 andé=A, we have
0, is varied. From Eq(3.34, we have withr=0 and 6, Pa(61,0,)=aAsir?(6,— 6,) (3.41)

=7l4

which is exactly the polarization correlation for the EPR sin-
glet state|EPR = (|xi1,Yi2) — |Yi1.Xi2))/ V2. For less than
ideal case, we sei;=7/4 and look atP, as a function of
0,, as in a recent experimental demonstrati@gh P,(6,)
will be a sinusoidal function of,:

P,(0,)= %(2;1— £+ E5in26,). (3.36

When we scard,, P, exhibits sinusoidal oscillation with
visibility
o

~ (3.42

v

) L . So the visibility of the modulation is then=¢&/(2A4-¢£),
Entanglement swapping,7] is similar to teleportation. hich is same as in E¢3.37). As can be seen, the visibility

;hgofpeléseigegfgt‘;e iiss ;Z?et i2r?géa\r,‘ﬁ]'ﬁénZn\t,vsh";?eppiggl’rigzgoo n both quantum state teleportation and entanglement swap-
atate is teleported in thepsimple ehermo of qugntum Sta’@ing is related to the quantit§/.A, as in other interference
) e : chemes discussed in parts A and B.
teleportation. Specifically, the state to be teleported in en- P
tanglement swapping is an EPR correlated sthig. 4). By
making Bell measurement 1 ands2 and gating the po-
larization measurement @2 on the result of the Bell mea- _ ) o _
surement, we can transféswap the EPR correlation be- So far our discussion has been_ limited to two-photon in-
tweenil andsl to the EPR correlation betweéf andi? terference. Even for the schemes in parts B and C, although
even thoughi1 andi2 are independent of each other. This duadruple coincidence is measured, it is still two-photon am-
scheme can also be used for an “event-ready” Bell experiphtudes that are involved in interference. Next we consider
ment, where the signal from the Bell measurement indicate@" interference scheme where four-photon amplitudes are su-
that the EPR pair is ready for the td6t22]. perposed so that it corresponds to four-photon interference.
To confirm the EPR correlation betweéh andi2. we Consider now the situation when two pairs of photons

need perform polarization correlation measurement on botfNter & 50:50 beamsplittéBS) with each pair in one input

i1 andi2 and gate the measurement on the Bell measure20" (Fig. 5. We can treat the input state as photon number

ment of s1 ands2 (quadruple coincidence measurement FhOCk state and in the simpledsingle r;:ode dgscriptior&, it has
The multimode description of the fields is similar to Eq. the forSm °f|21’%2>' Herle 1’hz (?2n3oteht e:]wo Input modes of
(3.21) except that| ¥ is an EPR state similar to Eq. € BS. It can be easily s owi23] that the output state is

(3.23, that is, given by

IV. FOUR-PHOTON MULTIPATH INTERFERENCE

3 1
)= | doydo (05 0Bl 02) 01~ \Jg48.00+ 100 4+ 121 200 43

where the subscriptéA,B} denote the two output modes.
Notice that the statef3,,1g) and|1,,3g) are missing in
Eq. (4.1). This can be easily understood in terms of two-
photon interference. Recall that for an input statélgf1,)

to the BS, the output state is given p19]

—al,(01)afi(w;)|vag. (3.3
The fields for A, B, C are the same as in E¢3.25 and
(3.28), but the field D is changed to

ED(t):f dw[éilx(w)00391+éily(w)sinel]e*i‘”‘ 1

(3.39 [®)=75(125.08) +104.26)). 4.2
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O 0O e ® ® & O O by all four photongfor each probability amplitude of the six
M M possibilities in Fig. 6(D4 is now placed in side Bare
7wl2,3(ml2),712,3(7/2),3(w/2),7/2, respectively. This re-
O € O e O & O sults in probability amplitudes afA, —iA,iA,—iA,—iA,iA
N ANAL and a total probability amplitude dfA—iA+iA—iA—iA
DI D2 D3 D4 DI D2 D3 D4 +iA=0, which explains the disappearance|8f,1g) and
O @ 0O e O O e |1a,3g) terms in Eq.(4.1). We can likewise explain the
NANNA NANAN coefficient for|2, ,2g) term.

DI D2 D3 D4 DI D2 D3 D4 ,
To produce the state,,2,), we can use parametric pro-

FIG. 6. Six possible ways to arrange two pairs of photons withcess in the higher order. The last term in Ej1), i.e.,|®,)
four detectors for multipath four-photon interference. is a state of the form of2g,2;). However, the state is a
multimode state. We need to treat the problem with a multi-
If we consider the statg2,,2,) as two pairs of photon with mode theory. Because there is a more profound difference
each pair in the statil,;,1,), then according to Eqé4.2), amongP§ (four-photon interferenge P (no interference
only |44,0g), |04,4g), and|2,,2g) are possible. The dis- andP,,, (the prediction from two-photon interferencter
appearance of3,,1g) and|1,,3g) terms in Eq.(4.1) is a  the|4,,0g) or |04,45) case, we will only study this case in
direct result of the absence (5, 1g) term in Eq.(4.2) due  the following multimode treatment.
to two-photon interference. This picture of two pairs of pho-  Consider the quadruple detection probability at one output
tons is usually referred to as<2 situation. However, such a port (say, port A of the beamsplitter:
picture is inappropriate in explaining the probability for
|45,0g) and|0, ,4g). For, from Eq.(4.2) the probability for . . . .
|24 ,OBi is 1/2 for o>ne pair, so the probability o4, ,0g) is Pa(ty ta,ts,ta) = || EA(t) Baltz) Ealte) Ea(ta) [ W)II%,
simply (1/2¢=1/4 for two pairs. But from Eq(4.1) the @4
probability for |4,,0g) is 3/8. The difference comes from
the fact that the four photons in thex2 case corresponds to Where
two independenfuncorrelategl pairs while the four photons
in |24,2,) are correlated. 1
To understand the partition probability fig, ,0g) output EA(t)z —
state, we first treat the four photons as classical particles and V2
consider the classical partition probability. As classical par-

ticles, the four photons can be thought of as independenith a delayr between the arrivals of signal and idler fields
particles and their partition at the BS simply follows Ber- 5t the BS. Obviously, there is no contribution from first two
noulli distribution andP,= (1/2)°=1/16. The ratio between terms of |¥). There are 16 terms in the expansion of Eq.
quantum and classical predictions is then (4.4) when we substitute Eq4.5) into Eq. (4.4). Among
PU/PC_g 4.3 them ten terms of the formE,EEEs, EEEE;,
4Ta— ' E;EELE;, andEE;E;E; will give zero result when applied

We can understand the sixfold increase for quantum predict—o the statqd®,). The six nonzero terms correspond to the six

o ; L ; possibilities in the simple picture of four-photon interfer-
tion in terms of four-photon interference: if we consider theence They are listed as follows:
two photons entering each side of the BS indistinguishable; ™~ '
then there are six possible ways to arrange the four photons
(Fig. 6). The four numbered slots for the four photons can be Eq(t)Es(tr)Ei(tg+ 7)E(ty+ )| W),
viewed as four photodetectors. Since the four photons in the
state|4,,0g) are indistinguishable, the amplitudes for the . . . .
six possibilities are added to give an overall amplitude Af 6 Ei(ty+ 7)Ei(to+ 7)Eg(t) Eg(ta) | W),
due to constructive four-photon interference. Hérés the
probability amplitude for each possibility. So the overall
probability for|4,,0g) is thenPJ=(6A)?=36A? for quan-
tum prediction. However, for classical particles, there is no
ir?tgrference ar_1d we simply add_protiabilmi for each pos- Eo(t)Ei(ty+ 1) Ei(tz+ 1) Eg(ty)| W),
sibility to obtain overall probabilityP,=6A. So we have
the ratio PJ/P3=36A%/6A%?=6, or sixfold increase from ) . ) )
classical prediction to quantum prediction. Ei(ty+ 7)Eg(t) Ei(ts+ 7)Es(ts) | ¥),

The four-photon interference picture discussed above can
be also applied to the three other situations|8f,1g), - - A -
|15,3g), and|2,,2g) in Eq. (4.1). But because the tf>1ree Ei(t1+ DES(t) Es(ta) Ei(tat 1) | V).
situations involve different combinations of reflected pho-
tons, which experience an extra2 phase shift for a sym- Since all the six terms are the same except the time variables,
metric beamsplitter, the probability amplitudes for the sixwe will only present the calculation for the first term with
possibilities in Fig. 6 will have different phases. For ex- 7=0 and the rest can be obtained by replacing the time
ample, in the case dB,,1g), the total phasetexperienced variables. By using Eq2.1), we have

[Eq)+E(t+7)] (4.5

Eo(ty)Ei(ty+ 1)Eq(tg) Ei(ty+ 7)),
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£ £ £ £ After integrating over the time variables, we obtain the over-
Es(t)Es(tH)Ei(t3)Ei(ty) |V g g ,
(ESIE (L E(t]Y) all quadruple detection probability
_ Va9 [ el do dooy ® (01,0 D(0!],0b) EE _ _
2(27)2 1EH EE T AL L P4(T)=?f do; do; do, dw)|®(w;,0) P(w],0))

—iwt;—iwlt —iwit;—iwqt —iwotz—iwit — — — —
ST A + B (0],02)(w1,05) + (1,0 P(wr,wp)|

+eTiostaTiot) (4.6 (4.10

By making the exchanges;« w] oOr w,« w4 in some of After expanding the absolute value in the integrand, we find
the terms in the expansion of the multiplication in the inte-

grand, we find P4(7)
E E E E 4
Es(t) Es(t2) Ei(t) Ei(ty) | W) - %J dw; do] dw,d w5{3|®(w1,0,)P (0], wh)|?
= n2|vac> d dw! I a—ioti—iota—iwotg—iwsty, 6 R (}T 5 , , q—)* ,
= (277)2 w1 wldwz dwze 1 2 + e (wl,wz) (“’1"*’2) (wl,wz)
& * ’
X[®(w1,0,)P(0],w5)+D(w],w0,)P(wr,0))]. XP* (wq,w5)}. (4.1

4.7 Here we made exchange of variables in some terms and

_ _ _ _ made use of the symmetry relatidn(w;,w,) =D (w,, ).
Substitute the above into the six nonzero terms with the appier substituting Eq(4.9) in Eq. (4.1, we have

propriate time variables and add them together, we have after

some manipulation Pu(7)=a{A[1+q(7)]?
P4(t1,t2,t3,ts) +E+RE2E (1) +2E,(7) +2E3( )+ E( D]},
|7|* (4.12

— 4 j dwldwidwzdwéefiwltlfiwitzfiwzgfiwét‘l
(4) wherea is some proportional constand, and€ are given in

_ — =, — , Egs.(2.15 and(2.16),

X{D(w1,07)P(w1,w)) + P (w),07)P(w1,7)

2 f do; do,|D(w,w,)|?e/(®17 27

+dD(w W] D(w , W5 , 4.8
(01,01)P(w;,0))} (4.8) 4(7)= (413
where deldw2|¢(wliw2)|2
D(wq,0,)=P(w1,w,)(€17+ew27), (4.9 and
|
51(7')=f do,do, do] dw) ®(w1,0)P(0],05)P* (0], 0)D* (01,wh)e (@27 0D7, (4.19
52(T)=f do,do, do] dw) ®(w1,07)P(0,05)P* (01,0)P* (0], wh)e! (@27 0D7, (4.15
53(7-):f dwldedwi dwéCI)(wl,wi)(I)(wzywé)(I)*(wl'wé)(l)*(wi,wz)ei(“’27w1)7, (416
54(7')=f dow; dw, o), dwy B(w;,0,) (0], 0)P* (0}, w)D* (01, wy)el (@2t @z o1-0)T, (4.17)

Here &7 =&,, & =&;. Notice thatq(0)=1, and&;,34(0) is the multimode equivalence of the quantum-mechanical

=£. So we have case described in E¢4.1). On the other hand, ® (w1 ,w,)
has a nonzero bandwidth, theif<) =0, and&; ;3 () =0.
P4(0) = a(4A+8E). (4189  Therefore

When the delay is zero, maximum interference occurs. This Py(0)=a(A+E). (4.19
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When the delay is large, no interference occurs, which corafter some calculation that the effect is simply a modification

responds to the classical case. So the ratio of all the r-dependent functions by a factor o¥
=(sinp/B)? with B=mAx/L. Here Ax is the size of the
P4(0) y 4& (4.20 detectors andl is the interference fringe spacing due to mis-
P4() A+E ' alignment. For exampleg(7) will be replaced byy&(7) in

. . . .. Eq. (3.12 andq(7) by yq(7) in Eq. (4.12, etc. Then the
is the multimode result for the quantiBf/ P in Eq.(4.3. In  yjsibilities are modified as follows: Eq3.13 is changed to
the ideal condition whed&= A, we have

P9 v= 7—5, (5.
P—ﬁ =6, (4.21) 2A+E
4
Eqg.(3.20 to
which is exactly same as in E¢4.3) for the single mode
case. v="vElA, (5.2
V. DISCUSSION AND SUMMARY Eqg.(3.37 to
We have analyzed four interference schemes involving vE
fields from two independent parametric down-conversion U:m’ (5.3
processes. We have shown that the visibilities of interference
fringe in these schemes are related to the quardity, and Eq.(4.20 to
which is also a measure of photon bunching effect for one
field (signal or idlej of parametric down-conversion. Photon P4(0) ) vE
bunching can be easily measured experimentally: the access P() =(1+y)°+(5- V)A_Jrg- (5.4

coincidence gives rise t6 while the accidental coincidence
corresponds tod when we measure the autocorrelation of Since y<1, the effect of misalignment is to reduce the in-
intensity. By identifying the quantity that is responsible for terference effect.
the visibility, we are able to see what influence its value and  Although four-photon state is used here in Sec. IV, the
improve the visibility. By measuring the quanti/. A (in-  four-photon state cannot be used for a demonstration of GHZ
volving only two-photon coincidence and having higher nonlocality because it is in the form ¢2,2). The two pho-
rate, we can predict what will be the visibility of interfer- tons in each mode d2,2) are indistinguishable and there-
ence involving four-photon coincidence measurement, whichiore inseparable. To demonstrate GHZ nonlocality, the four
has much lower rate. photons in the four-photon GHZ state have to be in separate
The quantity/.A only concerns temporal mode matching; modes, or in other words, they are distinguishable. For the
the effect of imperfect alignment will influence spatial mode scheme of a recent demonstrati@4] of three-photon GHZ
matching. In the above discussion, we have assumed that tRgate, we can carry out a multimode analysis along the line

spatial modes are perfectly matched so that it is not a factaieveloped in this paper and show that the visibility is simply
in visibility. However, the situation can never be ideal ex- g/ A,

perimentally. Spatial mode can be easily incorporated in the
discussion above by multiplying the respective spatial factor
exp(ksiX) in the integrands of the field operators in Egs.
(2.17) and(3.26 and later taking average of the correspond- Z.Y.O. was supported by the U.S. Office of Naval Re-
ing positionx over the size of the detectors. It can be shownsearch.
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