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Photon bunching and multiphoton interference in parametric down-conversion
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A number of multiphoton interference schemes involving independent fields from parametric down-
conversion are analyzed. They include fourth-order~two-photon! interference between two fields from two
independent parametric down-conversion processes, interference with two independent single photon Fock
states~produced by gated parametric down-conversion!, and quantum state teleportation and entanglement
swapping. It is shown that the visibility in these interference experiments is related to a quantity that is
responsible for the photon bunching effect in one of the fields~signal or idler! from the parametric down-
conversion process. Besides the two-photon interference schemes, a four-photon interference scheme is dis-
cussed where we consider four-photon partition at a beamsplitter. It is found that probability distribution of the
partition is dramatically changed by four-photon interference of six paths and the four-photon effect also
depends on the same quantity responsible for photon bunching. We will discuss the difference between
two-photon interference and four-photon interference.@S1050-2947~99!05107-0#

PACS number~s!: 42.50.2p, 42.65.2k, 42.25.Hz
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I. INTRODUCTION

Generation of multiparticle entangled states has attra
much attention ever since Greenberger, Horne, and Zeilin
~GHZ! @1# showed that more dramatic violation of locali
by quantum mechanics can be achieved with these state
far the proposed schemes for the generation of multipart
entangled states are based on interference between ind
dent fields from parametric down-conversion@2,3#. The idea
behind these schemes is the possibility of creation of fo
photon GHZ state by accidentally combining two pairs
independent down-converted photons. Interference with
dependent fields from parametric down-conversion is a
applied to quantum information processing, such as quan
state teleportation where two-photon entangled states
used to teleport an arbitrary unknown polarization st
@4–7#. In all these applications, high visibility in interferenc
is necessary to make the GHZ argument on nonlocality
to increase the fidelity of the teleported state. Furtherm
interference among independent fields plays a crucial rol
the correct outcome in quantum computing@8#.

On the one hand, high visibility is easily achievable
quantum interference involving two correlated photons@9#.
On the other hand, because of the independent nature o
down-converted fields involved in the interference schem
mentioned above, stationary fields cannot be used unles
bandwidth of the fields is much smaller than that of the
tectors @10#, or in other words, the coherent length of th
down-conversion field must be long enough so that wit
the detection time period, the phases of the fields are c
stant. However, such a requirment can be relaxed if non
tionary fields are used. Zukowskiet al. @11# and Rarity@12#
recently showed that if an ultrashort pulse is used for pum
ing the parametric down-conversion process, the timing p
vided by the ultrashort pump pulse can overcome the pr
lem of slow detectors. But high visibility in interferenc
PRA 601050-2947/99/60~1!/593~12!/$15.00
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requires that pulse shapes of the down-converted fields o
lap in time~temporal mode matching!. Because of the intrin-
sic incoherent nature of the parametric down-conversion p
cess and the dispersion in the nonlinear medium, the field
produced are usually not transform limited, making it dif
cult to achieve temporal mode matching and thus resultin
reduced visibility of the interference. Optical filtering ca
force the pulses to be transform limited and thus improve
visibility. But the bandwidth of the optical filters must b
narrow as compared to the pump bandwidth and dow
conversion bandwidth@13#. Therefore, visibility of the inter-
ference depends on various parameters such as the
bandwidth, pump field bandwidth, and the dispersion of
down-conversion medium. Perhaps because of such com
cated dependence, a visibility of only about 70% has b
observed so far in the interference between independ
parametric down-conversion@5,7#. Since higher-order coin-
cidence signal is usually quite low and whole interferen
pattern has to be recorded before the visibility can be
tracted, the procedure to improve the visibility is proved
be extremely tedious and time consuming. In this paper,
will show that the visibility in a number of higher-order in
terference schemes is connected to a quantity that is a m
sure of photon bunching effect in one of the two dow
converted fields. This quantity is easily measurable and
aid us in improving the visibility for higher-order interfer
ence between independent fields.

Photon bunching is a well-known higher-order effect us
ally associated with optical fields with thermal fluctuatio
@14#. It was proved that optical amplifier without input sign
exhibits thermal fluctuation—spontaneous emission basic
is of thermal nature@15#. It is also known that in parametric
down-conversion processes, as far as only one beam is
cerned, it behaves as an amplifier. Therefore, spontane
parametric down-conversion should also exhibit pho
bunching effect@16#. Such an effect has been ignored so
593 ©1999 The American Physical Society
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594 PRA 60Z. Y. OU, J.-K. RHEE, AND L. J. WANG
in all the higher order measurement in parametric dow
conversion because of the extremely wide bandwidth
down-converted fields~in the terahertz range!. Superficially,
there seems to be no connection between the photon bu
ing effect and the visibility of interference with the field
from parametric down-conversion. However, if we notice t
conditions for the observation of photon bunching and
high visibility in interference between independent field
they are startlingly similar: both require the bandwidth of t
fields be much smaller than that of the detectors in the c
of stationary fields. For nonstationary fields, the pho
bunching effect has never been treated, especially for
pulsed parametric down-conversion process.

Most of the higher-order interference schemes inve
gated so far~including GHZ multi-particle interferometer!
involve quantum interference between two paths~two
waves!. More interesting phemonena occur when more pa
~waves! participate in interference, as in the diffraction pa
tern from a multiple slit ensemble~also known as optica
grating! in contrast to Young’s double slit interference pa
tern, and in the output of a Fabry-Perot interferometer co
pared to the output from a Michelson interferometer. As
matter of fact, in Shor’s algorithm of quantum computin
@8#, multiple path interference effect similar to that in optic
grating is used to ensure correct outcome with 100% c
tainty even though quantum process is usually associ
with randomness. There have been some discussion
multi-path interference in a generalization of two-photon
terference in a tritter where three paths are involved in in
ference@17#.

In the following, we will first discuss the photon bunchin
effect in parametric down-conversion pumped by a pulse
find the condition for its observation. Then in Sec. III, w
will consider a number of interference schemes involv
interference between sources from two independent para
ric down-conversion processes. The first one concerns t
photon interference between two independent signal field
two parametric down-conversion process. The second
deals with the same situation but with coincidence detec
gated on the simultaneous detection of two idler fields. T
third and fourth schemes involve polarization interferome
related to quantum state teleportation@4,5# and entanglemen
swapping @6,7#. We will explore the connection betwee
photon bunching effect and the visibilities of these interf
ence schemes. In Sec. IV, we will investigate an interfere
scheme that involves four photons. We find that the size
the four-photon interference effect also relies on the pho
bunching effect. In all of the above studies, we will utiliz
the theory recently developed for the parametric dow
conversion process pumped by a coherent pulse@13#.

II. PHOTON BUNCHING EFFECT IN PARAMETRIC
DOWN-CONVERSION

The process of parametric down-conversion pumped b
coherent pulse can be described by the following state:

uC&5~12uhu2/2!uvac&1huF1&1h2uF2& ~2.1!

up to the first order ofh ~see later for the physical meanin
of h) @13#. Here the statesuF1,2& have the following form:
-
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uF1&5E dv1 dv2 F~v1 ,v2!âs
†~v1!âi

†~v2!uvac&,

~2.2a!

uF2&5
1

2E dv1 dv2 dv18 dv28 F~v1 ,v2!F~v18 ,v28!

3âs
†~v1!âi

†~v2!âs
†~v18!âi

†~v28!uvac&. ~2.2b!

The information about the pump field and the parame
interaction is contained in the functionF(v1 ,v2), which
has the explicit form of

F~v1 ,v2!5ap~v11v2!f~v11v2 ,v12v2!, ~2.3!

where ap(v) describes the pump field spectrum a
f(vp ,v) is the two-photon wave amplitude for single
frequency (vp) pumped parametric down-conversion. F
near degenerate case, we havef(vp ,v)5f(vp ,2v) so
that F(v1 ,v2) has the exchange symmetry:F(v1 ,v2)
5F(v2 ,v1). The coherence property of the pump field
determined by the functionap(v). For stationary fields,
ap(v) is a stochastic function ofv and satisfies the relation
^a(v)a* (v8)&5I p(v)d(v2v8) with I p(v) the spectrum
of the pump field. For a coherent pulse~transform limited!,
ap(v) is a well-behaved deterministic function ofv. Here
the pump field is treated as a classical field. So for parame
down-conversion pumped by a coherent pulse, the func
F(v1 ,v2) is a nonrandom function. Without loss of gene
ality, we impose the normalization condition onF(v1 ,v2):

E dv1 dv2uF~v1 ,v2!u251, ~2.4!

so that bothuF1& and uF2& are normalized.
To find out the physical meaning ofh, let us first calcu-

late the single photon detection rate of a single field of dow
conversion. The electric field operators for the dow
converted fields are given by

Ês~ t !5
1

A2p
E dv âs~v!e2 ivt, ~2.5a!

Êi~ t !5
1

A2p
E dv âi~v!e2 ivt. ~2.5b!

Then the probability rate of detecting a photon in the sig
or idler field is given by

p1s~ t !5^CuÊs
†~ t !Ês~ t !uC&5uuÊs~ t !uC&uu2. ~2.6!

It can be easily calculated by using the state in Eq.~2.1! that
to the first nonzero order ofh, p1s(t) has the form of

p1s~ t !5
uhu2

2p E dv2U E dv1 F~v1 ,v2!e2 iv1tU2

. ~2.7!

Since the pump field is nonstationary~pulsed!, the probabil-
ity rate depends on timet. The overall probability of detect-
ing a photon is the contribution from all time:
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P1s5E
2`

`

dt p1~ t !5uhu2E dv1 dv2uF~v1 ,v2!u25uhu2,

~2.8!

where we used the normalization condition in Eq.~2.4! in
evaluating the integral. Therefore,uhu2 is simply the prob-
ability of photon conversion in a single pump pulse.

To see photon bunching in the signal or idler field, let
calculate the two-photon detection probability rate

p2s~ t1 ,t2!5uuÊs~ t1!Ês~ t2!uC&uu2

5uhu2uuÊs~ t1!Ês~ t2!uF2&uu2, ~2.9!

where we used Eq.~2.1! for the stateuC&. The statesuvac&
and uF1& do not contribute in Eq.~2.9!. By making use of
the commutation relation

@ âs~v!âs~v8!,âs
†~v1!âs

†~v18!#

5d~v2v1!d~v82v18!1d~v2v18!d~v82v1!, ~2.10!

we find the quantity in Eq.~2.9! as

p2s~ t1 ,t2!5
uhu4

4~2p!2E dv2 dv28$uF~v2 ,v28!u2

1F~v2 ,v28!F* ~v28 ,v2!%, ~2.11!

where

F~v2 ,v28![E dv1 dv18 F~v1 ,v2!F~v18 ,v28!

3~e2 iv1t12v18t21e2 iv18t12 iv1t2!. ~2.12!

Next, we calculate the overall probability for detecting tw
photons in one pump pulse by integrating the time variab
t1 ,t2 over the pulse period and we obtain

P2s5E
2`

`

dt1 dt2 p2s~ t1 ,t2!

5
uhu4

2~2p!2E dv2 dv28E
2`

`

dt1 dt2uF~v2 ,v28!u2.

~2.13!

Under the time integral, the contributions from the two ter
in Eq. ~2.11! are equal because of the symmetry amo
t1 ,t2 ,v1 ,v18 ,v2 ,v28 in Eq. ~2.12!. After some lengthy cal-
culation, Eq.~2.13! becomes

P2s5uhu4E dv1 dv18 dv2 dv28@ uF~v1 ,v2!F~v18 ,v28!u2

1F~v1 ,v2!F~v18 ,v28!F* ~v1 ,v28!F* ~v18 ,v2!#

[A1E, ~2.14!

where
s

s

s
g

A[uhu4E dv1 dv18 dv2 dv28uF~v1 ,v2!F~v18 ,v28!u2

5uhu45P1s
2 ~2.15!

is the accidental two-photon probability and

E[uhu4E dv1 dv18 dv2 dv28 F~v1 ,v2!F~v18 ,v28!

3F* ~v1 ,v28!F* ~v18 ,v2! ~2.16!

is the excess two-photon probability due to photon bunchi
Here normalization relation in Eq.~2.4! is used in Eq.~2.15!.
Notice thatE<A because of the Schwatz inequality. Th
equality holds if and only if the functionF(v1 ,v2) can be
factorized intok(v1)h(v2). But this is impossible becaus
of the complicated dependence ofF on v1 ,v2. However,
with the help of narrow band filters before detection, we c
modify the function ofF(v1 ,v2). To see how, we need to
carry out the above calculation with modified electric fie
operators as

Ês~ t !5
1

A2p
E dv f ~v2v0!âs~v!eivt, ~2.17a!

Êi~ t !5
1

A2p
E dv f ~v2v0!âi~v!eivt, ~2.17b!

instead of Eq.~2.5!. Heref (v2v0) is the transmission func
tion of the optical filters centered at the central dow
conversion frequencyv0. It can be shown that if we do no
apply the normalization condition of Eq.~2.4! to Eqs.~2.8!
and ~2.15!, the formulas in Eqs.~2.8! and ~2.14!–~2.16! for
P1s andP2s are still correct so long as we changeF(v1 ,v2)
in Eq. ~2.3! to

F~v1 ,v2!5 f ~v1! f ~v2!ap~v11v2!f~v11v2 ,v12v2!.
~2.18!

Therefore, we can make the ratioE/A approaching to 1 if we
make the optical filter band width much narrower than tho
of ap(v) andf(v,v8) so that the dependence ofF(v1 ,v2)
on v1 ,v2 comes mainly fromf (v1) f (v2) andF(v1 ,v2) is
factorized. Under this condition we have the perfect pho
bunching:

g2[P2s /P1s
2 5~A1E!/A52. ~2.19!

III. INTERFERENCE BETWEEN INDEPENDENT
PARAMETRIC DOWN-CONVERSION SOURCES

Quantum interference between the correlated signal
idler fields from parametric down-conversion has been th
oughly studied. It has been demonstrated that high visibi
can be easily achieved with careful balance of the propa
tion paths for the two fields. For interference between t
independent parametric sources, we will show in the follo
ing that the visibility is associated with the quantityE/A
discussed in the preceding section.
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A. Two-photon interference without gating

Consider two parametric processes pumped by a com
pulse described byap(v). The quantum state that describ
the overall system is given by

uC&5uC (1)& ^ uC (2)&, ~3.1!

where uC (1,2)& describes the quantum state from each pa
metric process and has the form of Eq.~2.1! with âs changed
to âs1 or âs2 and âi changed toâi1 or âi2.

We next superposes1 ands2 fields with a beamsplitte
but leave i1 and i2 fields unattended and observe tw
photon coincidence between the two outputs of the be
splitter ~Fig. 1!. The output fields of the beamsplitter a
connected tos1 ands2 fields by

ÊA~ t !5
1

A2
@Ês1~ t !1Ês2~ t1t!#, ~3.2a!

ÊB~ t !5
1

A2
@Ês2~ t !2Ês1~ t2t!#, ~3.2b!

where we introduced a time delayt so that the transmitted
and the reflected fields arrive at the detectors at differ
times. This time delay is important because whent is zero,
we should have complete overlap of the two fields and ma
mum interference effect; but whent is larger than the coher
ent time of the two fields, no interference should occur an
provides a base line for interference. So by comparing
coincidence at these two values oft, we can deduce the
visibility of the interference.

Two-photon coincidence betweenÊA andÊB fields is pro-
portional to

p2~ t1 ,t2!5uuÊA~ t1!ÊB~ t2!uC&uu2. ~3.3!

Using Eq.~3.2!, we have

ÊA~ t1!ÊB~ t2!

5
1

2
@Ês1~ t1!Ês2~ t2!2Ês2~ t11t!Ês1~ t22t!

1Ês2~ t11t!Ês2~ t2!2Ês1~ t1!Ês1~ t22t!#. ~3.4!

FIG. 1. Interference between two signal fields of two indep
dent parametric processes.
on

-

-

nt
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Because of the existence of idler fields inuC&, it can be
easily shown that in Eq.~3.3!, the statesÊs1Ês1uC&,
Ês2Ês2uC&, and (Ês1Ês22Ês2Ês1)uC& are mutually or-
thogonal. So we have

p2~ t1 ,t2!5
1

4
$uuÊs1~ t1!Ês1~ t22t!uC&uu2

1uuÊs2~ t11t!Ês2~ t2!uC&uu2

1uu@Ês1~ t1!Ês2~ t2!2Ês2~ t11t!

3Ês1~ t22t!#uC&uu2%. ~3.5!

If the coincidence window is much larger than the coheren
time of the down-converted fields, which is usually the ca
in experiment, the observed coincidence is a time average
p2(t1 ,t2):

P2~t!5E
2`

`

dt1 dt2 p2~ t1 ,t2!. ~3.6!

Under the time average, the contributions from the first tw
terms in Eq.~3.5! have been calculated in Eqs.~2.9! and
~2.14!. We simply rewrite the result as follows:

E dt1 dt2uuÊs1~ t1!Ês1~ t22t!uC&uu2

5E dt1 dt2uuÊs2~ t11t!Ês2~ t2!uC&uu2

5A1E. ~3.7!

Notice that these two terms are independent of the time de
t and provide the base line for interference fringe. The co
tribution from the last term in Eq.~3.5! gives rise to inter-
ference. To calculate it, we start withÊs1(t1)Ês2(t2)uC&:

Ês1~ t1!Ês2~ t2!uC&

5Ês1~ t1!uC (1)&Ês2~ t2!uC (2)&

5
h2

2pE dv1 dv2 F~v1 ,v2!e2 iv1t1âi1
† ~v2!uvac(1)&

3E dv18 dv28 F~v18 ,v28!e2 iv18t2âi2
† ~v28!uvac(2)&

5
h2

2pE dv1 dv2 dv18 dv28 F~v1 ,v2!F~v18 ,v28!

3e2 iv1t12 iv18t2âi1
† ~v2!âi2

† ~v28!uvac&. ~3.8!

For the other term, we can obtain it by simply replacingt1
with t22t and t2 with t11t in Eq. ~3.8!. So we have

uu@Ês1~ t1!Ês2~ t2!2Ês2~ t11t!Ês1~ t22t!#uC&uu2

5
uhu4

~2p!2E dv2 dv28U E dv1 dv18 F~v1 ,v2!F~v18 ,v28!

3@e2 iv1t12 iv18t22e2 iv1(t22t)2 iv18(t11t)#U2

-
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5
uhu4

~2p!2E dv2 dv28U E dv1 dv18e
2 iv1t12 iv18t2

3@F~v1 ,v2!F~v18 ,v28!

2F~v18 ,v2!F~v1 ,v28!ei (v182v1)t#U2

, ~3.9!

where we used the fact that$âi1
† (v2)âi2

† (v28)uvac&% is a set of
orthogonal states and we made the switchv1↔v18 in the
second term in the integrand. Now we can carry out the t
average. The result is

E dt1 dt2uu@Ês1~ t1!Ês2~ t2!2Ês2~ t11t!Ês1~ t22t!#uC&uu2

5uhu4E dv1 dv18 dv2 dv28uF~v1 ,v2!F~v18 ,v28!

2F~v18 ,v2!F~v1 ,v28!ei (v182v1)tu2

52@A2E~t!# ~3.10!

with

E~t![uhu4 ReE dv1 dv18 dv2 dv28 F~v1 ,v2!

3F~v18 ,v28!F* ~v18 ,v2!

3F* ~v1 ,v28!ei (v12v18)t. ~3.11!

Notice thatE(0)5E, andE(`)50 if F(v1 ,v2) has a finite
bandwidth. Combining Eqs.~3.5!–~3.7! and ~3.10!, we find
the overall coincidence proportional to

P2~t!5A1
1

2
@E2E~t!#. ~3.12!

Therefore, as the time delayt scans through 0 from2` to
1`, the coincidence will show a dip att50 with a mini-
mum value ofA. The baseline for the coincidence is att5
6` with a value ofA1E/2. So the visibility of the interfer-
ence pattern is

v5
P2~`!2P2~0!

P2~`!
5

E
2A1E . ~3.13!

SinceE<A, the maximum value ofv is 1/3. This value is
consistent with the theory of fourth-order interference b
tween two thermal fields.

B. Two-photon interference with gating

In the interference scheme discussed in the prece
part, the two signal fields from two independent parame
down-conversion are used without any participation of
conjugate idler fields. So the two fields are of thermal natu
However, if we can gate the coincidence measurement on
detection of the two idler fields in the two parametric pr
cess, the gated signal fields will be in a single-photon F
state@18# and the situation has no difference from the cor
lated two-photon case@19#. We should expect the visibility
e

-

g
c
e
.

he

k
-

of the interference reach 100% in ideal condition and
coincidence will dip down to zero at zero delay (t50). This
interference scheme together with the one in part A has b
recently implemented experimentally by Rhee and Wa
@20#. In the following, we will calculate the visibility in this
interference scheme and relate it to the quantitiesA andE.

If we gate the coincidence measurement on the detec
of the two idler photons, this corresponds to quadruple co
cidence measurement of two output fields of the beamspl
and two idler fields~Fig. 2!. The coincidence rate is propor
tional to

p4~ t1 ,t2 ,t3 ,t4!5uuÊA~ t1!ÊB~ t2!Êi1~ t3!Êi2~ t4!uC&uu2.
~3.14!

To calculate p4, we can make use of Eq.~3.4! for
ÊA(t1)ÊB(t2). But it can be easily shown that there is n
contribution from the last two terms, that is,

Ês1~ t1!Ês1~ t22t!Êi1~ t3!Êi2~ t4!uC&50 ~3.15!

and

Ês2~ t11t!Ês2~ t2!Êi1~ t3!Êi2~ t4!uC&50 ~3.16!

up to the order ofh2 because of the two-photon nature
uF1

(1,2)& in Eq. ~2.2a!. For the contribution from the first two
terms, we have

@Ês1~ t1!Ês2~ t2!2Ês2~ t11t!Ês1~ t22t!#Êi1~ t3!Êi2~ t4!uC&

5
h2

~2p!2E dv1 dv18 dv2 dv28 F~v1 ,v2!F~v18 ,v28!

3@e2 iv1t12 iv18t22 iv2t32 iv28t4

2e2 iv18(t11t)2 iv1(t22t)2 iv2t32 iv28t4#uvac&

5
h2

~2p!2E dv1 dv18 dv2 dv28@F~v1 ,v2!F~v18 ,v28!

2F~v18 ,v2!F~v1 ,v28!ei (v182v1)t#

3e2 iv1t12 iv18t22 iv2t32 iv28t4uvac&. ~3.17!

So the probability rate is

FIG. 2. Interference between two signal fields of two indepe
dent parametric processes gated upon the detection of two
fields.
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p4~ t1 ,t2 ,t3 ,t4!5
uhu4

4~2p!4U E dv1 dv18 dv2 dv28@F~v1 ,v2!F~v18 ,v28!

2F~v18 ,v2!F~v1 ,v28!ei (v182v1)t#e2 iv1t12 iv18t22 iv2t32 iv28t4U2

~3.18!
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and the overall quadruple detection probability in one pu
is the time average over the pulse duration and is calcul
to be

P4~t!5
uhu4

4 E dv1 dv18 dv2 dv28uF~v1 ,v2!F~v18 ,v28!

2F~v18 ,v2!F~v1 ,v28!ei (v182v1)tu2

5
1

2
@A2E~t!#, ~3.19!

whereA andE(t) are the quantities defined in Eq.~2.15! and
Eq. ~3.11!, respectively. As expected, the gated dection ta
out the extrat-independent contribution given in Eq.~3.7! to
the overall coincidence. Therefore, the visibility of the inte
ference fringe is

v5E/A. ~3.20!

In the ideal case whenE5A, we will havev51, i.e., 100%
visibility, which is exactly what we expect for the interfe
ence of two Fock states. Notice that the visibility is direc
connected to the photon bunching quantityE/A. Such a con-
nection has been demonstrated recently by Rhee and W
@20#.

C. Quantum state teleportation and entanglement swapping

Another type of interference effect between independ
fields from parametric down-conversion involves polariz
tion entanglement. Interference occurs by projecting fie
with correlated polarization into certain common directio
Quantum superposition stems from projection of fields
different polarizations. Violation of Bell’s inequality by
Bohm-type EPR state is related to two-photon interferenc
correlated sources with different polarizations. Quant
state teleportation and entanglement swapping@4–7# are very
similar but involve independent sources. The underly
principle is the same as discussed in the previous part.
though multimode calculation was performed before on th
@21#, we want to present them here again to derive the
ibility of the interference in terms of the quantitiesA andE
that are associated with photon bunching effect.

Quantum teleportation of an arbitrary single photon pol
ization stateuu1&5cosu1ux&1sinu1uy& was first proposed by
Bennett et al. and recently demonstrated by Bouwmees
et al. @5#. The schematics is shown in Fig. 3. Two paramet
down-converters are used in the demonstration. The first
prepares a single photon polarization stateuu1&s1
5cosu1ux&s11sinu1uy&s1 in s1 by gating all the measuremen
on the detection ofi1. The second one produces a Boh
EPR singlet state:uEPR&5(uxs2 ,yi2&2uys2 ,xi2&)/A2. By
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gating on the outcome of the Bell measurement ofs1 ands2,
the state of i2 is expected to be projected intouu1& i2
5cosu1ux&i21sinu1uy&i2, thus achieving teleportation. Th
output polarization state ini2 can be checked by making
polarization measurement in directionu2. By Malus law, we
should have the detection rate after the polarizer proportio
to cos2(u12u2). Bell measurement ons1 ands2 is achieved
by superposing the two fields with a beamsplitter and m
suring the coincidence between the two outputs of the be
splitter @21#. Notice the similarity in the arrangement be
tween Figs. 2 and 3. The difference only lies in t
polarization measurement oni2 and the state of down
conversion.

The multimode description of the down-conversion sta
is similar to Eq.~2.1!. To cope with the polarization state o
the fields, we introduce extra degree of freedom for polari
tion entanglement. The quantum state of the system is g
by

uC&5uC (1)& ^ uC (2)&, ~3.21!

with

uC (1)&5hE dv1 dv2 F~v1 ,v2!@ âs1x
† ~v1!cosu1

1âs1y
† ~v1!sinu1#âi1

† ~v2!uvac&. ~3.22!

uC (2)&5
h

A2
E dv18 dv28 F~v18 ,v28!@ âs2x

† ~v18!âi2y
† ~v28!

2âs2y
† ~v18!âi2x

† ~v28!uvac&. ~3.23!

Here we only consider the second term in Eq.~2.1! for the
two parametric down-conversion processes. The func
F(v1 ,v2) is same as in Eq.~2.3!. So the state of the system
becomes

FIG. 3. Scheme of quantum state teleportation with two in
pendent parametric down-conversion processes.
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uC&5
h2

A2
E dv1 dv2 dv18 dv28 F~v1 ,v2!F~v18 ,v28!

3@ âs1x
† ~v1!âi1

† ~v2!âs2x
† ~v18!âi2y

† ~v28!cosu1

1âs1y
† ~v1!âi1

† ~v2!âs2x
† ~v18!âi2y

† ~v28!sinu1

2âs1x
† ~v1!âi1

† ~v2!âs2y
† ~v18!âi2x

† ~v28!cosu1

2âs1y
† ~v1!âi1

† ~v2!âs2y
† ~v18!âi2x

† ~v28!sinu1#uvac&.

~3.24!

Similar to Eq.~3.4!, we have for the fields of two outputs o
the beamsplitter

ÊAx~ t !5
1

A2
@Ês1x~ t !1Ês2x~ t1t!#, ~3.25a!

ÊBx~ t !5
1

A2
@Ês2x~ t !2Ês1x~ t2t!#, ~3.25b!

ÊAy~ t !5
1

A2
@Ês1y~ t !1Ês2y~ t1t!#, ~3.25c!

ÊBy~ t !5
1

A2
@Ês2y~ t !2Ês1y~ t2t!#, ~3.25d!

with

Êj~ t !5
1

A2p
E dv â j~v!e2 ivt ~ j 5s1x,s1y,s2x,s2y!.

~3.26!

Here because two polarizations are involved, we cons
both of them in the field operators. The gated detection
at detector C for the polarization measurement is prop
tional to the four-photon coincidence rate

p4~ t1 ,t2 ,t3 ,t4!5^ Î A~ t1! Î B~ t2! Î C~ t3! Î D~ t4!&, ~3.27!

where

Î A5ÊAx
† ÊAx1ÊAy

† ÊAy ,

Î B5ÊBx
† ÊBx1ÊBy

† ÊBy ,

Î C5ÊC
† ÊC ,

Î D5Êi1
† Êi1 ,

with

ÊC~ t !5
1

A2p
E dv@ âi2x~v!cosu21âi2y~v!sinu2#e2 ivt

~3.28!

and
er
te
r-

Êi1~ t !5
1

A2p
E dv âi1~v!e2 ivt. ~3.29!

The expansion of the productÎ A(t1) Î B(t2) gives rise to four
terms

Î A~ t1! Î B~ t2!5ÊAx
† ÊBx

† ÊAxÊBx1ÊAy
† ÊBy

† ÊAyÊBy

1ÊAx
† ÊBy

† ÊAxÊBy1ÊAy
† ÊBx

† ÊAyÊBx .

~3.30!

Substituting Eq.~3.30! into Eq. ~3.27!, we have

p4~ t1 ,t2 ,t3 ,t4!5uuÊAx~ t1!ÊBx~ t2!ÊC~ t3!ÊD~ t4!uC&uu2

1uuÊAy~ t1!ÊBy~ t2!ÊC~ t3!ÊD~ t4!uC&uu2

1uuÊAx~ t1!ÊBy~ t2!ÊC~ t3!ÊD~ t4!uC&uu2

1uuÊAy~ t1!ÊBx~ t2!ÊC~ t3!ÊD~ t4!uC&uu2.

~3.31!

The overall probability is the time average over the pu
period and is given by

P4~t,u1 ,u2!5E
2`

`

dt1 dt2 dt3 dt4 p4~ t1 ,t2 ,t3 ,t4!.

~3.32!

Besides the subscripts$x,y%, each term in Eq.~3.31! is
similar to Eq.~3.14!. We can follow the same procedure
calculate their contributions to the overall probability. Due
complexity, we omit the detail of the calculation here a
present the results as follows:

P4~1st term!5a@A2E~t!#cos2 u1 sin2 u2 ,

P4~2nd term!5a@A2E~t!#sin2 u1 cos2 u2 ,

P4~3rd term!5P4~4th term!

5
a

2
@A~cos2u1cos2 u21sin2 u1 sin2u2!

12E~t!cosu1 cosu2 sinu1 sinu2#.

~3.33!

Herea is a proportional constant. So the overall probabil
becomes

P4~t,u1 ,u2!5a@A2E~t!sin2~u12u2!#. ~3.34!

In the ideal case whent50 andE5A, we have

P4~u1 ,u2!5a A cos2~u12u2!, ~3.35!

which is exactly what we expect for the output of the pola
izer in field i2 if the input state to the polarizer isuu1& i2
5cosu1ux&i21sinu1uy&i2. Therefore, we achieved the telepo
tation of the stateuu1& from i1 to i2. In a recent experimen
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tal demonstration of teleportation@5#, u1 is fixed atp/4 and
u2 is varied. From Eq.~3.34!, we have witht50 and u1
5p/4

P4~u2!5
a

2
~2A2E1E sin 2u2!. ~3.36!

When we scanu2 , P4 exhibits sinusoidal oscillation with
visibility

v5
E

2A2E . ~3.37!

Entanglement swapping@6,7# is similar to teleportation.
The only difference is that in entanglement swapping, par
a correlated state is teleported while a whole polarizat
state is teleported in the simple scheme of quantum s
teleportation. Specifically, the state to be teleported in
tanglement swapping is an EPR correlated state~Fig. 4!. By
making Bell measurement ons1 ands2 and gating the po-
larization measurement ofi2 on the result of the Bell mea
surement, we can transfer~swap! the EPR correlation be
tween i1 ands1 to the EPR correlation betweeni1 and i2
even thoughi1 and i2 are independent of each other. Th
scheme can also be used for an ‘‘event-ready’’ Bell exp
ment, where the signal from the Bell measurement indica
that the EPR pair is ready for the test@6,22#.

To confirm the EPR correlation betweeni1 and i2, we
need perform polarization correlation measurement on b
i1 and i2 and gate the measurement on the Bell meas
ment of s1 and s2 ~quadruple coincidence measuremen!.
The multimode description of the fields is similar to E
~3.21! except thatuC (1)& is an EPR state similar to Eq
~3.23!, that is,

uC (1)&5
h

A2
E dv1 dv2 F~v1 ,v2!@ âs1x

† ~v1!âi1y
† ~v2!

2âs1y
† ~v1!âi1x

† ~v2!uvac&. ~3.38!

The fields for A, B, C are the same as in Eqs.~3.25! and
~3.28!, but the field D is changed to

ÊD~ t !5E dv@ âi1x~v!cosu11âi1y~v!sinu1#e2 ivt

~3.39!

FIG. 4. Scheme of entanglement swapping with two indep
dent parametric down-conversion processes.
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for polarization measurement ofi1. Following the same cal-
culation leading to Eq.~3.34!, we have for the quadruple
measurement

P4~t,u1 ,u2!5a@A2E~t!cos2~u12u2!#. ~3.40!

In the ideal case whent50 andE5A, we have

P4~u1 ,u2!5aA sin2~u12u2!, ~3.41!

which is exactly the polarization correlation for the EPR s
glet stateuEPR&5(uxi1 ,yi2&2uyi1 ,xi2&)/A2. For less than
ideal case, we setu15p/4 and look atP4 as a function of
u2, as in a recent experimental demonstration@7#. P4(u2)
will be a sinusoidal function ofu2:

P4~p/4,u2!5
a

2
~2A2E2E sin 2u2!. ~3.42!

So the visibility of the modulation is thenv5E/(2A2E),
which is same as in Eq.~3.37!. As can be seen, the visibility
in both quantum state teleportation and entanglement sw
ping is related to the quantityE/A, as in other interference
schemes discussed in parts A and B.

IV. FOUR-PHOTON MULTIPATH INTERFERENCE

So far our discussion has been limited to two-photon
terference. Even for the schemes in parts B and C, altho
quadruple coincidence is measured, it is still two-photon a
plitudes that are involved in interference. Next we consid
an interference scheme where four-photon amplitudes are
perposed so that it corresponds to four-photon interferen

Consider now the situation when two pairs of photo
enter a 50:50 beamsplitter~BS! with each pair in one input
port ~Fig. 5!. We can treat the input state as photon num
Fock state and in the simple single mode description, it
the form ofu21 ,22&. Here 1,2 denote the two input modes
the BS. It can be easily shown@23# that the output state is
given by

uF&5A3

8
~ u4A ,0B&1u0A ,4B&)1

1

2
u2A ,2B&, ~4.1!

where the subscripts$A,B% denote the two output modes
Notice that the statesu3A ,1B& and u1A ,3B& are missing in
Eq. ~4.1!. This can be easily understood in terms of tw
photon interference. Recall that for an input state ofu11,12&
to the BS, the output state is given by@19#

uF&5
1

A2
~ u2A ,0B&1u0A ,2B&). ~4.2!

-

FIG. 5. Scheme of four-photon partition at a 50:50 beamsplitte
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If we consider the stateu21 ,22& as two pairs of photon with
each pair in the stateu11,12&, then according to Eq.~4.2!,
only u4A ,0B&, u0A ,4B&, and u2A ,2B& are possible. The dis
appearance ofu3A ,1B& and u1A ,3B& terms in Eq.~4.1! is a
direct result of the absence ofu1A ,1B& term in Eq.~4.2! due
to two-photon interference. This picture of two pairs of ph
tons is usually referred to as 232 situation. However, such
picture is inappropriate in explaining the probability f
u4A ,0B& andu0A ,4B&. For, from Eq.~4.2! the probability for
u2A ,0B& is 1/2 for one pair, so the probability foru4A ,0B& is
simply (1/2)251/4 for two pairs. But from Eq.~4.1! the
probability for u4A ,0B& is 3/8. The difference comes from
the fact that the four photons in the 232 case corresponds t
two independent~uncorrelated! pairs while the four photons
in u21 ,22& are correlated.

To understand the partition probability foru4A ,0B& output
state, we first treat the four photons as classical particles
consider the classical partition probability. As classical p
ticles, the four photons can be thought of as independ
particles and their partition at the BS simply follows Be
noulli distribution andP45(1/2)251/16. The ratio between
quantum and classical predictions is then

P4
q/P4

c56. ~4.3!

We can understand the sixfold increase for quantum pre
tion in terms of four-photon interference: if we consider t
two photons entering each side of the BS indistinguisha
then there are six possible ways to arrange the four pho
~Fig. 6!. The four numbered slots for the four photons can
viewed as four photodetectors. Since the four photons in
state u4A ,0B& are indistinguishable, the amplitudes for th
six possibilities are added to give an overall amplitude ofA
due to constructive four-photon interference. HereA is the
probability amplitude for each possibility. So the over
probability for u4A ,0B& is thenP4

q5(6A)2536A2 for quan-
tum prediction. However, for classical particles, there is
interference and we simply add probabilityA2 for each pos-
sibility to obtain overall probabilityP4

c56A2. So we have
the ratio P4

q/P4
c536A2/6A256, or sixfold increase from

classical prediction to quantum prediction.
The four-photon interference picture discussed above

be also applied to the three other situations ofu3A ,1B&,
u1A ,3B&, and u2A ,2B& in Eq. ~4.1!. But because the thre
situations involve different combinations of reflected ph
tons, which experience an extrap/2 phase shift for a sym
metric beamsplitter, the probability amplitudes for the s
possibilities in Fig. 6 will have different phases. For e
ample, in the case ofu3A ,1B&, the total phases~experienced

FIG. 6. Six possible ways to arrange two pairs of photons w
four detectors for multipath four-photon interference.
-

nd
-
nt

c-

e,
ns
e
e

l

o

n

-

by all four photons! for each probability amplitude of the si
possibilities in Fig. 6~D4 is now placed in side B! are
p/2,3(p/2),p/2,3(p/2),3(p/2),p/2, respectively. This re-
sults in probability amplitudes ofiA,2 iA,iA,2 iA,2 iA,iA
and a total probability amplitude ofiA2 iA1 iA2 iA2 iA
1 iA50, which explains the disappearance ofu3A ,1B& and
u1A ,3B& terms in Eq.~4.1!. We can likewise explain the
coefficient foru2A ,2B& term.

To produce the stateu21 ,22&, we can use parametric pro
cess in the higher order. The last term in Eq.~2.1!, i.e., uF2&
is a state of the form ofu2s ,2i&. However, the state is a
multimode state. We need to treat the problem with a mu
mode theory. Because there is a more profound differe
amongP4

q ~four-photon interference!, P4
c ~no interference!,

and P232 ~the prediction from two-photon interference! for
the u4A ,0B& or u0A ,4B& case, we will only study this case i
the following multimode treatment.

Consider the quadruple detection probability at one out
port ~say, port A! of the beamsplitter:

p4~ t1 ,t2 ,t3 ,t4!5uuÊA~ t1!ÊA~ t2!ÊA~ t3!ÊA~ t4!uC&uu2,
~4.4!

where

ÊA~ t !5
1

A2
@Ês~ t !1Êi~ t1t!# ~4.5!

with a delayt between the arrivals of signal and idler field
at the BS. Obviously, there is no contribution from first tw
terms of uC&. There are 16 terms in the expansion of E
~4.4! when we substitute Eq.~4.5! into Eq. ~4.4!. Among
them ten terms of the formEsEsEsEs , EiEiEiEi ,
EsEsEsEi , andEsEiEiEi will give zero result when applied
to the stateuF2&. The six nonzero terms correspond to the s
possibilities in the simple picture of four-photon interfe
ence. They are listed as follows:

Ês~ t1!Ês~ t2!Êi~ t31t!Êi~ t41t!uC&,

Êi~ t11t!Êi~ t21t!Ês~ t3!Ês~ t4!uC&,

Ês~ t1!Êi~ t21t!Ês~ t3!Êi~ t41t!uC&,

Ês~ t1!Êi~ t21t!Êi~ t31t!Ês~ t4!uC&,

Êi~ t11t!Ês~ t2!Êi~ t31t!Ês~ t4!uC&,

Êi~ t11t!Ês~ t2!Ês~ t3!Êi~ t41t!uC&.

Since all the six terms are the same except the time variab
we will only present the calculation for the first term wit
t50 and the rest can be obtained by replacing the ti
variables. By using Eq.~2.1!, we have

h
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Ês~ t1!Ês~ t2!Êi~ t3!Êi~ t4!uC&

5
h2uvac&

2~2p!2E dv1 dv18 dv2 dv28 F~v1 ,v2!F~v18 ,v28!

3~e2 iv1t12 iv18t21e2 iv18t12 iv1t2!~e2 iv2t32 iv28t4

1e2 iv28t32 iv2t4!. ~4.6!

By making the exchangesv1↔v18 or v2↔v28 in some of
the terms in the expansion of the multiplication in the in
grand, we find

Ês~ t1!Ês~ t2!Êi~ t3!Êi~ t4!uC&

5
h2uvac&

~2p!2 E dv1 dv18 dv2 dv28 e2 iv1t12 iv18t22 iv2t32 iv28t4

3@F~v1 ,v2!F~v18 ,v28!1F~v18 ,v2!F~v1 ,v28!#.

~4.7!

Substitute the above into the six nonzero terms with the
propriate time variables and add them together, we have a
some manipulation

p4~ t1 ,t2 ,t3 ,t4!

5
uhu4

~4p!4U E dv1 dv18 dv2 dv28 e2 iv1t12 iv18t22 iv2t32 iv28t4

3$F̄~v1 ,v2!F̄~v18 ,v28!1F̄~v18 ,v2!F̄~v1 ,v28!

1F̄~v1 ,v18!F̄~v2 ,v28!%U2

, ~4.8!

where

F̄~v1 ,v2![F~v1 ,v2!~eiv1t1eiv2t!. ~4.9!
h

-

p-
ter

After integrating over the time variables, we obtain the ov
all quadruple detection probability

P4~t!5
uhu4

24 E dv1 dv18 dv2 dv28uF̄~v1 ,v2!F̄~v18 ,v28!

1F̄~v18 ,v2!F̄~v1 ,v28!1F̄~v1 ,v18!F̄~v2 ,v28!u2.

~4.10!

After expanding the absolute value in the integrand, we fi

P4~t!

5
uhu4

24 E dv1 dv18 dv2d v28$3uF̄~v1 ,v2!F̄~v18 ,v28!u2

16 ReF̄~v1 ,v2!F̄~v18 ,v28!F̄* ~v18 ,v2!

3F̄* ~v1 ,v28!%. ~4.11!

Here we made exchange of variables in some terms
made use of the symmetry relationF̄(v1 ,v2)5F̄(v2 ,v1).
After substituting Eq.~4.9! in Eq. ~4.11!, we have

P4~t!5a$A@11q~t!#2

1E1Re@2E1~t!12E2~t!12E3~t!1E4~t!#%,

~4.12!

wherea is some proportional constant,A andE are given in
Eqs.~2.15! and ~2.16!,

q~t!5

E dv1 dv2uF~v1 ,v2!u2ei (v12v2)t

E dv1 dv2uF~v1 ,v2!u2

, ~4.13!

and
E1~t!5E dv1 dv2 dv18 dv28 F~v1 ,v2!F~v18 ,v28!F* ~v18 ,v2!F* ~v1 ,v28!ei (v22v1)t, ~4.14!

E2~t!5E dv1 dv2 dv18 dv28 F~v1 ,v18!F~v2 ,v28!F* ~v1 ,v2!F* ~v18 ,v28!ei (v22v1)t, ~4.15!

E3~t!5E dv1 dv2 dv18 dv28 F~v1 ,v18!F~v2 ,v28!F* ~v1 ,v28!F* ~v18 ,v2!ei (v22v1)t, ~4.16!

E4~t!5E dv1 dv2 dv18 dv28 F~v1 ,v2!F~v18 ,v28!F* ~v18 ,v2!F* ~v1 ,v28!ei (v21v282v12v18)t. ~4.17!
ical
Here E1* 5E2 , E3* 5E3. Notice thatq(0)51, andE1,2,3,4(0)
5E. So we have

P4~0!5a~4A18E!. ~4.18!

When the delay is zero, maximum interference occurs. T
 is

is the multimode equivalence of the quantum-mechan
case described in Eq.~4.1!. On the other hand, ifF(v1 ,v2)
has a nonzero bandwidth, thenq(`)50, andE1,2,3,4(`)50.
Therefore

P4~`!5a~A1E!. ~4.19!
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When the delay is large, no interference occurs, which c
responds to the classical case. So the ratio

P4~0!

P4~`!
541

4E
A1E ~4.20!

is the multimode result for the quantityP4
q/P4

c in Eq. ~4.3!. In
the ideal condition whenE5A, we have

P4
q

P4
c 56, ~4.21!

which is exactly same as in Eq.~4.3! for the single mode
case.

V. DISCUSSION AND SUMMARY

We have analyzed four interference schemes involv
fields from two independent parametric down-convers
processes. We have shown that the visibilities of interfere
fringe in these schemes are related to the quantityE/A,
which is also a measure of photon bunching effect for o
field ~signal or idler! of parametric down-conversion. Photo
bunching can be easily measured experimentally: the ac
coincidence gives rise toE while the accidental coincidenc
corresponds toA when we measure the autocorrelation
intensity. By identifying the quantity that is responsible f
the visibility, we are able to see what influence its value a
improve the visibility. By measuring the quantityE/A ~in-
volving only two-photon coincidence and having high
rate!, we can predict what will be the visibility of interfer
ence involving four-photon coincidence measurement, wh
has much lower rate.

The quantityE/A only concerns temporal mode matchin
the effect of imperfect alignment will influence spatial mo
matching. In the above discussion, we have assumed tha
spatial modes are perfectly matched so that it is not a fa
in visibility. However, the situation can never be ideal e
perimentally. Spatial mode can be easily incorporated in
discussion above by multiplying the respective spatial fac
exp(iks,ix) in the integrands of the field operators in Eq
~2.17! and~3.26! and later taking average of the correspon
ing positionx over the size of the detectors. It can be sho
rs
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after some calculation that the effect is simply a modificat
of all the t-dependent functions by a factor ofg
[(sinb/b)2 with b5pDx/L. Here Dx is the size of the
detectors andL is the interference fringe spacing due to m
alignment. For example,E(t) will be replaced bygE(t) in
Eq. ~3.12! and q(t) by gq(t) in Eq. ~4.12!, etc. Then the
visibilities are modified as follows: Eq.~3.13! is changed to

v5
gE

2A1E , ~5.1!

Eq. ~3.20! to

v5gE/A, ~5.2!

Eq. ~3.37! to

v5
gE

2A2gE , ~5.3!

and Eq.~4.20! to

P4~0!

P4~`!
5~11g!21~52g!

gE
A1E . ~5.4!

Sinceg<1, the effect of misalignment is to reduce the i
terference effect.

Although four-photon state is used here in Sec. IV, t
four-photon state cannot be used for a demonstration of G
nonlocality because it is in the form ofu2,2&. The two pho-
tons in each mode ofu2,2& are indistinguishable and there
fore inseparable. To demonstrate GHZ nonlocality, the f
photons in the four-photon GHZ state have to be in sepa
modes, or in other words, they are distinguishable. For
scheme of a recent demonstration@24# of three-photon GHZ
state, we can carry out a multimode analysis along the
developed in this paper and show that the visibility is simp
E/A.
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