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TM and TE electromagnetic beams in free space
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The existence of unguided TM and TE Gaussian beams is derived in a simple way from the wave equation for the
vector potential, and the field configurations are discussed. We point out the possibility of a new type of free-elec-

tron laser.

In a previous work,! a simple method was described
for obtaining the electromagnetic fields of the so-called
TEMgo mode for unguided beams. It was assumed that
the magnetic-vector potential is plane polarized in the
transverse direction, and in Cartesian coordinates the
wave equation for the potential was solved, yielding
expressions for the E and H fields. Some field lines of
this mode are depicted in Fig. 1(a). This Letter is a
continuation of that work; we now assume that the
vector potential is polarized in the axial direction.
Using cylindrical coordinates, our approach immedi-
ately gives the electromagnetic fields of TM Gauss-
ian-Laguerre modes, and, by using duality, the corre-
sponding TE modes are found as well. The existence
of Gaussian-Laguerre modes of radiation in open
structures was first discussed by Goubau and Schwer-
ing.2 They describe an electromagnetic beam by a
continuous spectrum of cylindrical-wave solutions of
Mazxwell’s equations. The motivation for their selec-
tion of the cylindrical-wave spectral amplitudes for E
and H is rather obscure, and they do not investigate the
field configurations in detail because they were not in-
terested in that aspect of the problem. In the present
work, the TM and TE unguided modes appear naturally
as solutions of the wave equation. Our main purpose
is to present a simple and concise method for calculating
the field properties of pure TM and TE unguided
electromagnetic-beam modes and to work out the field
lines for the lowest-order case. A second objective is to
point out the possibility for coherent amplification of
an unguided TM wave by interaction of its longitudinal
electric-field component with an axial beam of free
electrons.

In the approach of Ref. 1, one first solves the wave
equation for the magnetic-vector potential A, which, for
a monochromatic wave in free space, and using the
Lorentz gauge, is (time dependence ei*t understood)

vZA+ERZA=0. (1)

In this work, instead of assuming that A is purely
transverse, we consider solutions in which A is purely
longitudinal and of the form

AZ = ‘rlje—lkzr (2)

where  is a slowly varying function of z. The ap-
proximate lowest-order solution is well known3 to be
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in which wq denotes the spot size at the beam waist and
one defines the diffraction length parameter [ = wwg2/\.
The paraxial approximation used here is valid so long
aswo > A. Ifneeded, corrections to the paraxial solu-
tion may be obtained as in Ref. 1.
The magnetic field H = v X A is seen to be purely
transverse when A is axial. In cylindrical coordinates
(r,9,2), for the fundamental mode one finds that

2iQp

wo
and H, = H, = 0. Itis useful to write

(3b)

Hy="2P 4, (4)
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where ® = tan—! (z/l) represents a beam phase shift and

w(z) = wo [1L + (2/1)2]1/2 is the beam contour. The
electric field of this TM mode may found from

E=—iVXH. (6)
One finds that
E. = H,, (7a)
E¢ = O, (7b)
E. = 2—? (1-iQp?) A, (70)

where in obtaining Eq. (7a) the approximation is
made:
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It is evident that the magnetic-field lines are circles
concentric with the beam (2) axis. Some field lines, in
the region of the beam waist, are suggested in Fig. 1(b).
The equations for the electric-field lines may be calcu-
lated using the method described by Lorrain and Cor-
son? for a radiating electric dipole. One obtains, for the
equation of an electric-field line of a traveling wave,

= —ik A,.
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Fig. 1. TField distributions of unguided electromagnetic
beams in a longitudinal section passing through z axis. (a)
The TEMgo mode and (b) the fundamental TM mode. The
ratio A/wg normally would be much smaller than depicted
here. Note that along the axis (r = 0), the longitudinal electric
field of the TEMgyp mode vanishes, whereas that of the low-
est-order TM mode has maximum amplitude.

where R = z[1 + (I/z)2] denotes the radius of the A,
phase fronts® and K is constant for a given field line.
For a standing wave, an electric-field line obeys

2 2
r_2 e~ 2w? cos wi cos(kz + L 2<I>) =K.
w zR

Near the beam axis, the field lines of the unguided
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fundamental TM mode strongly resemble those of a
TMo1 mode propagating inside an ideal circular cylin-
drical conductor. In particular, the lowest-order free
TM mode has a z component of electric field along the
beam axis.® The existence of a longitudinal electric-
field component presents a mechanism whereby charges
can interact with the electromagnetic field of the mode.
Applications of this situation are well known in the
microwave range, in which the guided waves of linear
accelerators deliver energy to electron beams. The idea
of using an optical laser cavity as an electron accelerator
was apparently first proposed by Shimoda.” It occurs
to us that it might be possible to reverse the process and
use an electron beam to amplify or generate TM beams
of radiation in open structures at millimeter and pos-
sibly at shorter wavelengths. This possibility, which,
if implemented, would lead to lasers quite different from
the present free-electron lasers, is now under study.

Higher-order solutions of the wave equation yield for
the TM modes

A, =g (L%) cos nﬁ% expl[i(® — Kz — @p2)], (8a)
where
r —=rin r2
—| = —| L,"{2—] > 8b
o e I e D
in which L, " denotes a generalized Laguerre polynomial

and n and p are angular and radial mode numbers. The
phase shift is now given by

® (p, n;z) = (2p + n + 1)arctan(z/l). (8¢c)

Finally, we note that, in free space, the principle of
duality applies. If one obtains any solution of Max-
well’s equations, then another may be obtained by re-
placing E with H and H with —E. Thus for every un-
guided TM mode there is a corresponding TE mode.
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