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1 Problem

Deduce the form of a cylindrically symmetric plane electromagnetic wave that propagates in
vacuum.

A scalar, azimuthally symmetric wave of frequency w that propagates in the positive z
direction could be written as

Y(r,t) = f(p) ™=, (1)

where p = /22 + y2. Then, the problem is to deduce the form of the radial function f(p)
and any relevant condition on the wave number k., and to relate that scalar wave function
to a complete solution of Maxwell’s equations.

The waveform (1) has both phase velocity and group velocity equal to w/k,. Comment
on the apparent superluminal character of the wave in case that k, < k; = w/c, where ¢ is
the speed of light.

2 Solution

As the desired solution for the radial wave function proves to be a Bessel function, the
cylindrical plane waves have come to be called Bessel beams, following their introduction by
Durnin et al. [1, 2]. The question of superluminal behavior of Bessel beams has recently
been raised by Mugnai et al. [3].

Bessel beams are a realization of super-gain antennas [4, 5, 6] in the optical domain. A
simple experiment to generate Bessel beams is described in [7].

Sections 2.1 and 2.2 present two methods of solution for Bessel beams that satisfy the
Helmholtz wave equation. The issue of group and signal velocity for these waves is discussed
in sec. 2.3. Forms of Bessel beams that satisfy Maxwell’s equations are given in sec. 2.4.

2.1 Solution via the Wave Equation

On substituting the form (1) into the wave equation,
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This is the differential equation for Bessel functions of order 0, so that

f(p) = Jo(K'p), (4)
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where

K* + k2 = k2. (5)
The form of eq. (5) suggests that we introduce a (real) parameter v such that
k' =kssina, and  k, = kycosa. (6)
Then, the desired cylindrical plane wave has the form
W(r,t) = Jo(K'p) e’ =2=D = Jo(k;sin o p) ¢'Fr cosaz=wh) (7)

which is commonly called a Bessel beam.
From the second of eq. (6) we have,

ck,

cosa

w = cky =

The physical significance of parameter «, and that of the group velocity

dw w c
Ug_dk‘z_k‘_z_vp_cosa 9)

for a family of Bessel beams of varying frequency but constant «, will be discussed in sec. 2.3.

While eq. (7) is a solution of the Helmholtz wave equation (2), assigning v (r,t) to be a
single component of an electric field, say FE,, does not provide a full solution to Maxwell’s
equations. For example, if E = ¢x, then V- E = 0¢/0xz # 0. Bessel beams that satisfy
Maxwell’s equations are given in sec. 2.4.

2.2 Solution via Scalar Diffraction Theory

The Bessel beam (7) has large amplitude only for |p| < 1/k; sina, and maintains the same
radial profile over arbitrarily large propagation distance z. This behavior appears to con-
tradict the usual lore that a beam of minimum transverse extent a diffracts to fill a cone of
angle 1/a. Therefore, the Bessel beam (7) has been called “diffraction free” [2].

Here, we show that the Bessel beam does obey the formal laws of diffraction, and can be
deduced from scalar diffraction theory.

According to that theory [§8], a cylindrically symmetric wave f(p) of frequency w at the
plane z = 0 propagates to point r with amplitude

6i(kfR—u}t)

k
vty =55 [ [ o dldo (o) ——.

where R is the distance between the source and observation point. Defining the observation
point to be (p, 0, z), we have

(10)

R =224 p"+p?%—2pp cos b, (11)

so that for large z,
p° 4 p% —2pp cos @

R~
Z+ o

(12)



In the present case, we desire the amplitude to have form (1). As usual, we approximate
R by z in the denominator of eq. (10), while using approximation (12) in the exponential
factor. This leads to the integral equation

ikrz iksp? /22 roo / 27
f(p)eikzz — k_f.6 1Zetp / pl dp/ f(p/)eikfp 2/22‘/ d¢ e—ikfpp/cos¢/z
271 z 0 0
k 6ikfz€ikfp2/2z 00 .
b SRR ™ ! 16 otk f2) (13
using a well-known integral representation of the Bessel function Jj.
It is now plausible that the desired eigenfunction f(p) is a Bessel function, say Jo(k'p),

and on consulting a table of integrals of Bessel functions we find an appropriate relation [9],
/ p/ dp/ JO(k/p/)JO(kfpp//z)eikfp/2/2z _ ;_Z e—ikfp2/2z€—z’k/22/2kf Jo(k/p)- (14)
0 f

Comparing this with eq. (13), we see that f(p) = Jo(k'p) is indeed an eigenfunction provided
that

K
k,=ks— ) 15
TS (15)
Thus, if we write k' = kf sin «, then for small a,
k.~ ki(1—a?/2) ~ kfcosa, (16)

and the wave (1) again has form (7).

Strictly speaking, the scalar diffraction theory reproduces the “exact” result (7) only for
small a. But the scalar diffraction theory is only an approximation, and we predict with
confidence that an “exact” diffraction theory would lead to the form (7) for all values of
parameter «. That is, “diffraction-free” beams are predicted within diffraction theory.

It remains that the theory of diffraction predicts that an infinite aperture is needed to
produce a beam whose transverse profile is invariant with longitudinal distance. That a
Bessel beam is no exception to this rule is reviewed in sec. 2.3.

The results of this section were inspired by [10]. One of the first solutions for Gaussian
laser beams was based on scalar diffraction theory cast as an eigenfunction problem [11].

2.3 Superluminal Behavior

In general, the group velocity (9) of a Bessel beam exceeds the speed of light. However, this
apparently superluminal behavior cannot be used to transmit signals faster than lightspeed.

An important step towards understanding this comes from the interpretation of parameter
« as the angle with respect to the z axis of the wave vectors of an infinite set of ordinary
plane waves whose superposition yields the Bessel beam [12]. To see this, we invoke an
integral representation of the Bessel function to write eq. (7) as!

1 Using the well-known representation of the Bessel function .J,,(p),

1 27+ )
Jn(p) _ %‘/B e:l:i(pcose—ne)do’ (17)
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¢(r7 t) = ‘]O(kf Sin o p) 6i(kf cos o z—wt)

B 2i /27r d¢ 6i(kf sin az cos ¢p+ky sinay sin p+ky cos o z—wt) (19)
T Jo

_ i/27r d¢ 6i(kf~r—wt)
2m Jo ’

where the wave vector ky, given by
ks = ky(sinacos ¢, sin asin ¢, cos a), (20)

makes angle a to the z axis as claimed.

We now see that a Bessel beam is rather simple to produce in principle [2]. Just superpose
all possible plane waves with equal amplitude and a common phase that make angle a to
the z axis,

According to this prescription, we expect the z axis to be uniformly illuminated by the
Bessel beam. If that beam is created at the plane z = 0, then any annulus of equal radial
extent in that plane must project equal power into the beam. For large p this is readily
confirmed by noting that JZ(kssina p) ~ cos?(kgsinap+ d)/(kssina p), so the integral of
the power over an annulus of one radial period, Ap = 7/(kssin ), is independent of radius.

Thus, from an energy perspective a Bessel beam is not confined to a finite region about
the z axis. If the beam is to propagate a distance z from the plane z = 0, it must have radial
extent of at least p = ztan« at z = 0. An arbitrarily large initial aperture, and arbitrarily
large power, is required to generate a Bessel beam that retains its “diffraction-free” character
over an arbitrarily large distance.

Each of the plane waves that makes up the Bessel beam propagates with velocity ¢ along
a ray that makes angle « to the z axis. The intersection of the z axis and a plane of constant
phase of any of these wave moves forward with superluminal speed ¢/ cos o, which is equal
to the phase and group velocities (9).

This superluminal behavior does not represent any violation of special relativity, but is
an example of the “scissors paradox” that the point of contact of a pair of scissors could
move faster than the speed of light while the tips of the blades are moving together at
sublightspeed. A ray of sunlight that makes angle o to the surface of the Earth similarly
leads to a superluminal velocity ¢/ cosa of the point of contact of a wave front with the
Earth.

However, we immediately see that a Bessel beam could not be used to send a signal from,
say, the origin, (0,0,0), to a point (0,0, z) at a speed faster than light. A Bessel beam at
(0,0, z) is made of rays of plane waves that intersect the plane z = 0 at radius p = ztan a.
Hence, to deliver a message from (0, 0,0) to (0,0, z) via a Bessel beam, the information must

with 6 = ¢ — ¢, we have

I, (p) _ % e:I:i(p cos @ cos ¢+p sin ¢ sin qb—nqb—&—nap)d(b _

1 /27r+ﬁ+tp e:l:inap
B+ 2

27
/ eEil cos oty sin6—né) g (18)
0

where for r = (p, ¢, 2) we define © = pcosp and y = psinp, and we set 3 = —p. Then, eq. (19) follows
n=0.



first propagate from the origin out to at least radius p = ztan « at z = 0 to set up the beam.
Then, the rays must propagate distance z/cos « to reach point z with the message. The
total distance traveled by the information is thus z(1 + sin «v)/ cos o, and the signal velocity

v 18 given by
cos

“Tisna’
which is always less than ¢. The group velocity and signal velocity for a Bessel beam are
very different. Rather than being a superluminal carrier of information at its group velocity
¢/ cosa, a modulated Bessel beam could be used to deliver messages only at speeds well
below that of light.

Vg A (21)

2.4 Solution via the Vector Potential

To deduce all components of the electric and magnetic fields of a Bessel beam that satisfies
Maxwell’s equation starting from a single scalar wave function, we follow the suggestion of
Davis [13] and seek solutions for a vector potential A that has only a single component. Of
course, we must recall that only in rectangular coordinates do the components of a vector
potential that obeys the (vector) wave equation also satisfy the scalar wave equation [14].
We work in the Lorentz gauge (and Gaussian units), so that the scalar potential ® is

related by
10
V- A+-——=0. 22
c Ot (22)
The vector potential can therefore have a nonzero divergence, which permits solutions having
only a single component. The electric and magnetic fields can be deduced from the potentials

via

10A
E=-Vd—- — 23
P (23)
and
B=V xA. (24)

For this, the scalar potential must first be deduced from the vector potential using the
Lorentz condition (22). We consider waves of frequency w and time dependence of the form
e~ so that 9®/dct = —ik;®. Then, the Lorentz condition yields

b=—"V- A, (25)
ko
and the electric field is given by
1
E = ik; lA + ﬁV(V : A)] . (26)
f

This electric field obeys V - E = 0, since V*(V - A) + k3(V - A) = 0 for a vector potential
A of frequency w that satisfies the wave equation (2), ete.

We already have a scalar solution (7) to the wave equation, which we now interpret as
the only nonzero component, A;, of the vector potential for a Bessel beam that propagates
in the +z direction,

Aj(r,t) = (r,t) o< Jo(kgsina p) ehr cosez=wt), (27)
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We consider the three choices for the meaning of index 7, namely x, y, and z, which lead
to three types of Bessel beams. Of these, only the case of 7 = z corresponds to azimuthally
symmetric fields, and so perhaps should be called the Bessel beam.

241 j=ux
In this case, recalling that J) = —Ji,

k¢ si ;
VoA _ gj _ _kysmaw g ina p) el cosazan) (28)
x P

In calculating V(V - A) we use the identity

J1(0) .

Ji(e) = Jole) — ’

(29)

Also, we divide E and B as obtained from eqs. (24) and (26) by the factor ik; to present
the results in a simpler form. We find,

2 2 .2
E, = ljo(g) (1 — sin? a%) + sinaxk 3 Jl(g)] gilks cosaz—wt),

P
sinaxy 2J1(Q) : i(kf cos o z—wt)
By = —sinaJ ! 30
’ P l ko Pmeblo)f e ! (30)
X .
E, = —isin2a—J i(ky cosa z—wt)
7sin a2p 1(0)e 7
where
0= kysinap, (31)
and
B, — 0,
By = COSCMJO(Q)ei(kaOSO‘Z_‘”t)’ (32)
B, = —Z.Sincvzl]l(g)6i(kaOSQZ_Wt),
P

This Bessel beam that obeys Maxwell’s equations and has purely x polarization of its
electric field on the z axis, but includes nonzero y and z polarization at points off that axis,
and does not exhibit the azimuthal symmetry of the underlying vector potential. In the
limit that a = 0 this Bessel beam becomes an ordinary plane wave with x polarization of its
electric field.

242 j=y

This case is very similar to that of j = x.



243 j==z

In this case the electric and magnet fields retain azimuthal symmetry, so that it is convenient
to display the p, ¢ and z components of the fields. First,

0 .
V.-A= 6_w = ik cos a Jo(ky sin a p) elhs cosaz—wt), (33)
z
Then, we divide the electric and magnetic fields obtained from eqs. (24) and (26) by & sin «

to find the relatively simple forms:

Ep — COSCMJl(Q) 6i(kf cosaz—wt))
E, = 0, (34)
E, = isina JO(Q) 6i(kf cosaz—wt)7
and
B, = 0,
B¢ _ Jl(@) 6i(kf cosaz—wt)7 (35)
B, = 0.

This Bessel beam is a transverse magnetic (TM) wave. The radial electric field £, vanishes
on the z axis (as it must if that axis is charge free), while the longitudinal electric field E,
is maximal there.

The time-average electromagnetic energy density (u) in the Bessel beam (34)-(35) is

_ |E|2 + |B|2 _ (1 + cos? a)J2(0) + sin® a2 (o)

wy = AL = , (36)
and the time-average energy-flow (Poynting) vector (S) is
(S) = éRe(E x B*) = é cos (o) 2 (37)

The energy flow (S) is not equal the energy density (u) times the group velocity ¢z/ cos
which is another indication that the Bessel beam should not be thought of as an ordinary
plane wave, but rather as the sum of a family of waves that make angle a to the z axis, as
discussed in sec. 2.3.

As is well known, corresponding to each TM wave solution to Maxwell’s equations in
free space, there is a TE (transverse electric) mode obtained by the duality transformation
Etg = By, Brg = —E1v. Hence, there exists a Bessel beam in which the electric field has
only the component Ey = J; (o) e'ks cosaz=wt) etc.



A Appendix: Bessel Beams with Orbital Angular
Momentum

This Appendix was written in January 2008 and updated April 20009.
We look for solutions to the wave equation,

5 1 9’A [02A, 104, 1 (9*A, 0*A, 20A, 10%A,] .
g el _A _ LY -
VA 2 Ot? | Op? i p Op i 2\ 0¢* r 022 p?> 0¢p ¢ Ot? p
(0?4, 10A, 1 [02A D*A, 204, 10%°44]
RN NI TORTN B
| Op p Op  p*\ 0o 0z p? 0o ¢ Ot
[9%A, N 10A, N 1 %A, N D*A,  10%A,] | 0 (38)
pr— —_ S - Z —
L Op®  p Op  p? 0P 022 % ot?

for the vector potential A in cylindrical coordinates, where the scalar wave functions A,
Ag, and A, have the form

?ﬂ(r,t) _ f(p) 6i(kzz—wt:|:m¢)7 (39)

where m is a non-negative integer (so that ¥ (¢ = 27) = (¢ = 0)). For the case that
A,=A; =0and A, =1, we obtain

df  1df ( 2 2 m2>
Sl i k- -" =0 40
dp? ~ pdp ! P> d (40)

This is the differential equation for Bessel functions of order m, so that one set of Bessel
beams are generated by the vector potential

Ap _ A¢, _ 07 Az(l‘,t) _ Jm(k/p) 6z‘(kzz—wt:l:nuzu)7 (41)

where
k. = kycosa, k' = kgsina, o="FKp. (42)

We can also consider the solution A, =, A, = +iy), A, = 0, for which both the p and
¢ terms of eq. (38) lead to

df 1df (m—12%\ ,
i iy (T 1=0 o

Thus, a second set of Bessel beams are generated by the vector potential
AP(I', t) _ Jm—l(k/p) 61’(1%z—wt:l:m¢’)7 A¢ — Zl:iAp, Az = 0. (44)

Since the Bessel function J,, is real, surfaces of constant phase (at fixed time) in the wave
functions (41) and (44) are not planes of constant z, but rather they are “screws” of pitch
2mm/ky cos a = mAo/ cos o, where \g = 27 /ky = 2m¢/w. The wave vector is

k= V (k.2 £ mo) = kzzi%&s, (45)



which is perpendicular to the surfaces of constant phase has lines that form helices of constant
radius p. The wave vector k makes angle 3 to the z-axis given by

m mtan o

+

tan f = + =
k.p 0

(46)

As for Bessel beams with zero orbital angular momentum, the dispersion relation is given
by eq. (8), i.e., w(k) = kyc = k,c/ cos a, so the group velocity vector is again

vy = Viw = Z. (47)

A.1 Bessel Beams Based on A,
We first consider the case that the only nonzero component of the vector potential is A,

with the form (41), for which

V-A= gﬂ = ik, Jn(g) /7t Em), (48)
z

Then, we divide the electric and magnetic fields obtained from egs. (24) and (26) by £’ to
find the relatively simple TM forms:

Jm—l—l(@) - Jm—l(g) 6i(kzz—wt:|:m¢)

E, = cosa

5 )
E, = :Fz'mgcosa (o) 6i(kzz—wt:|:m¢)7 (49)
E. = isinaJy,(o)e!k=rwtEmo)
and
B, - :l:Zm Tn(0) 6i(kzz—wt:|:m¢)7
B, — Jm11(0) ; Jm-1(0) 6i(kzz—wt:|:m¢)7 (50)
B, = 0.
We can also obtain TE waves by the duality transform, Etg = By, Brg = —Em\.

The time-average electromagnetic energy density (u) in the Bessel beam (49)-(50) is

|E]>+ |B]*  sin’a 1+ cos?a (m?J2(0)  [Jmi1(0) — Jm-1(0)]?
= - J
{u) 8T 8T m(0) + 8T 0? + 4
sin? o 1+ cos’a
= T g LT ()4 2 o) 51

using the fact that 2mJ,, /0 = Jmi1 + Jm-1.



The time-average energy-flow (Poynting) vector (S) is

(S) = éRe(ExB*)
2 72 _ 2
_ é <:Fmgsma 2 (0) & + cosa m 127;(@) n [Jm+1(0) 4Jm—1(0)] ] 2)
¢ [(FTmsina J2 (o) + 21 (o) .
= g (T 2(0) ¢ + cosa="t 5 Z)- (52)

Lines of the energy flow vector (S), like those of the wave vector k, are helices of constant
radius p. From eq. (52) we see that the energy-flow vector makes angle v to the z-axis
where tany = F(mtana/o) 2J2,(0)/[J21(0) + J2_1(0)]. Thus, the energy-flow vector (S)
and the wave vector k are not in the same directions when index m is nonzero. For large
|m| the wave vector k (parallel to the phase velocity) and the Poynting vector (S) point in
opposite directions; lines of these vector fields form very tight, opposing helices. The group
velocity vector (47) corresponds to the energy-flow velocity averaged over the helical lines of
the Poynting vector.
The time-average electromagnetic angular momentum density (1) is

(S)

(1 = 1“><<p>=(pf)+zi)><c—2
1 (:l:mzsmc»zj2

— (0)p—pcosa

i +mzsin o 72
8

J? J? - 1
m1(0 );‘ m—1(0) b + :Fmpgsmﬁji(g) i)

J2 o)+ % (o)
” (o) p— pcosa 5

b+ T 0a), o)

recalling that the electromagnetic momentum density is given by p = S/c?. The transverse
components of the angular momentum density (1) integrate to zero over any transverse plane
at fixed z. The longitudinal component can be interpreted as orbital angular momentum
about the z axis. But because the Bessel beam is the result of a superposition of converging
plane waves, the orbital angular momentum does not obey the simple relation (1) = m (u) /w,
as would hold if the beam were comprised only of plane waves propagating in the z direction.?

A.2 Bessel Beams Based on A, and A,

We now consider the case that vector potential has the form (44), for which

04, A, 104,

VA= +
dp  p p 09

— _k/ Jm(g) 6i(kzz—wt:|:m¢)7 (54)

2For comparison, so-called Gaussian-Laguerre laser beams also can carry orbital angular momentum,
but since these beams are well approximated by plane waves that are essentially radial when far from the
beam “waist”, the orbital angular momentum is given by (1) = m (u) /w [15]. For a discussion of how Bessel
beams (and Gaussian-Laguerre beams) with high orbital angular momentum can be described in terms of
skewed bundles of straight rays in the approximation of geometrical optics, see [17].
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noting that dJ,,,—1(k'p)/dp = =K Jpn(K' p)+[(m—1)/p] Jm-1(K'p). Then, we divide the electric
and magnetic fields obtained from eqs. (24) and (26) by £k, to find the forms:

.2
E, = +i (MJm(Q) + cos aJm_l(Q)> gilhzz—wtEmg)

0COS v
B, — (m cosajm(g) B Jm_1(0)> ilhsz—wtEmg) (55)
0 cos
E. = FsinaJ,(o) gilkzzmwttmg)
and
Bp _ Jm—l (Q)ei(kzz—wt:trmﬁ)’
B¢ — :l:lt]m—l(g) 6i(kzz—wt:|:m¢)7 (56)
B, = —itanalJ,(p)e!k=rmwtzme)
The dual solutions, E' = B, B’ = —E, correspond to circularly polarized Bessel beams,

which may be the most physically interesting of the four sets of solutions exhibited here.
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