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1 Problem

Antennas radiate (vector) momentum as well as energy, but if the radiation pattern is sym-
metric, the total radiated momentum is zero. Consider a simple antenna array that consists
of two short linear dipole antennas whose centers are λ/4 apart and whose conductors point
along the line of centers of the antennas. If the two antennas are excited with a 90◦ phase
difference, deduce the asymmetric radiation pattern and the time-average rate of momen-
tum d 〈P〉 /dt, that is radiated. The antenna experiences a time-average reaction force
〈F〉 = −d 〈P〉 /dt.

2 Solution

This problem is based on prob. 6, p. 400 of [1].1 For another application of the concept of
the radiation reaction to antennas, see [2].

The time-average pattern of radiated energy, d 〈U〉 /dΩ dt, of an antenna with electric
dipole moment p can be deduced from the radiation fields in the far zone via the time-
average Poynting vector,

〈Srad〉 =
c

8π
Re(Erad ×B�

rad), (1)

in Gaussian units, according to

d 〈U〉
dΩ dt

= r2 〈Srad〉 · r̂ =
|[p̈] × r̂|2

8πc3
, (2)

where [p̈] = p̈(t′ = t − r/c) is the second time derivative of the dipole moment evaluated at
the retarded time, t′ = t − r/c for an observer at distance r from the dipole.

In the present example the dipole moment is the sum of two terms, p0e
iωt ẑ due to a small

antenna at z = λ/8, and ip0e
iωt ẑ due to a second antenna at z = −λ/8 that is driven 90◦

1This paper is dedicated to the memory of W.K.H. “Pief” Panofsky, who passed away on Sept. 24, 2007
at age 88.
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out of phase with respect to the first. If the distance from the center of the array to the
observer is R, then the distance to the upper antenna is R − λ(cos θ)/8 while the distance
to the lower antenna is R + λ(cos θ)/8, as sketched in the figure below.

The retarded derivative of the total dipole moment is therefore,

[p̈] = −ω2p0e
iω(t−R/c)(eiωλ(cos θ)/8c + ie−iωλ(cos θ)/8c) ẑ

= −ω2p0e
iω(t−R/c)eiπ(cos θ)/4(1 + ie−iπ(cos θ)/2) ẑ. (3)

Then,
[p̈] × r̂ = −ω2p0e

iω(t−R/c)eiπ(cos θ)/4(1 + ie−iπ(cos θ)/2) sin θ φ̂, (4)

|[p̈] × r̂|2 = 2ω4p2
0 sin2 θ

(
1 + sin

π

2
cos θ

)
, (5)

and
d 〈U〉
dΩ dt

=
|[p̈] × r̂|2

8πc3
=

ω4p2
0 sin2 θ

4πc3

(
1 + sin

π

2
cos θ

)
. (6)

This angular distribution is sketched in the figure on the next page. More energy is radiated
into the forward hemisphere (z > 0) than the backward.

The total radiated energy is obtained by integration of eq. (6) over solid angle,

d 〈U〉
dt

=
∫

d 〈U〉
dΩ dt

dΩ =
2ω4p2

0

3c3
. (7)

Associated with the radial flow of energy 〈U〉 in the far zone is a radial flow of momentum,2

〈P〉 = 〈U〉 r̂/c. Hence, the angular distribution of time-average momentum radiated by the
antenna follows from eq. (6) as

d 〈P〉
dΩ dt

=
ω4p2

0 sin2 θ

4πc4

(
1 + sin

π

2
cos θ

)
r̂. (8)

2This is the classical version of the quantum relation for photons that U = h̄ω and P = h̄k = h̄ω k̂/c =
U k̂/c.
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On integrating this over solid angle to find the total momentum radiated, only the z
component is nonzero,

d 〈P〉z
dt

= 2π
ω4p2

0L
2

4πc4

∫ 1

−1
sin2 θ

[
1 + sin

(
π

2
cos θ

)]
cos θ d cos θ

=
4ω4p2

0L
2

π2c4

∫ π/2

0
x

(
1 − 4x2

π2

)
sinx dx where x =

π

2
cos θ

=
8ω4p2

0L
2

π2c4

(
12

π2
− 1

)
=

12

π2c

d 〈U〉
dt

(
12

π2
− 1

)
≈ 0.26

c

d 〈U〉
dt

. (9)

The radiation reaction force on the antenna is Fz = −dPz/dt. For a broadcast antenna
radiating 105 Watts, the reaction force would be only ≈ 10−4 N.

It is useful to re-express the dipole moment in terms of the current distribution in the
antennas. To a good first approximation the latter can be written for each of the two
antennas as the triangular form

Ij(zj, t) = I0

(
1 − 2 |zj|

L

)
ei(ωt+φj ), (10)

where j = 1, 2. The current vanishes at the tips of the antenna at zj = ± |L| /2 and has a
peak value of I0 at the feedpoint at zj = 0.3 The associated charge distributions ρ(zj, t) are
related by current conservation, ∇ · J = −ρ̇, which for a 1-D distribution is simply

ρ̇j = iωρj = −∂Ij

∂zj

= −I0

(
∓ 2

L

)
ei(ωt+φj ), (11)

where the upper sign is for zj > 0 and the lower for zj < 0, so that

ρj = ± 2I0

iωL
ei(ωt+φj ). (12)

3The current distribution (10) does not satisfy the metallic boundary condition that the electric field
have zero tangential component at the surface of the conductors. However, eq. (10) suffices for a good
understanding of the far-zone radiation pattern. What is lost in the approximation (10) is the relation
between voltage and current at the antenna feedpoint, i.e., the impedance of the antenna. For further
discussion see [3].
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The dipole moment is given by

pj =
∫ L/2

−L/2
ρjzj dzj =

I0L

2iω
ei(ωt+φj). (13)

Thus, the magnitude p0 of the dipole moment of the antenna is related to the peak current
I0 by

p0 =
I0L

2ω
, (14)

Using eq. (14) in eqs. (6)-(9) and noting that ω = 2πc/λ, the radiated power can be written
as

d 〈U〉
dt

=
I2
0

2

4π2

3c

L2

λ2 =
I2
0Rrad

2
, (15)

where (using 1/c = 30Ω)

Rrad =
4π2

3c
= 395Ω (16)

is the radiation resistance of the antenna, and the reaction force on the antenna is

〈Fz〉 = −d 〈P〉z
dt

= −8I2
0L2

c2λ2

(
12

π2
− 1

)
= − 12

π2c

d 〈U〉
dt

(
12

π2
− 1

)
(17)

The radiation reaction force (17) cannot, in general, be deduced as the sum over charges
of the radiation reaction force of Lorentz [4], Frad = 2e2v̈/3c3. Lorentz’ result is obtained by
an integration by parts of the integral of the radiated power over a period. This procedure
can be carried out if the power is a sum/integral of a square, as holds for an isolated radiating
charge. But it cannot be carried out when the power is the square of a sum/integral as holds
for (coherent) radiation by an extended charge/current distribution. Rather, the radiation
reaction force on an extended current distribution must be deduced from the rate of radiation
of momentum, as done here.4
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