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A novel approach to classical electromagnetic gauge transformations with an emphasis on the
propagation of potentials at finite speeds from charge and current densities is discussed. We consider
a new velocity gauge, where the scalar potential propagates at any chosen speed, and the vector
potential has a component that propagates at the same speed and another that travels at the finite
speed c. Our emphasis on the propagation of the potentials is different from the vector field
decomposition of Helmholtz. We discuss two defects of the Helmholtz method and show that our
approach corrects them. Our approach enables us to visualize how the potentials propagate in space
and see the link between the violation of gauge invariance and the violation of causality and

relativity. © 2005 American Association of Physics Teachers.

[DOLI: 10.1119/1.1938949]

I. INTRODUCTION

A recent paper discusses a novel approach to gauge trans-
formations in classical electrodynamics with an emphasis on
the propagation of the potentials at finite speeds from charge
and current densities." This dynamical property of the poten-
tials is not discussed in textbooks on electromagnetism and
in the literature on gauge transformations in quantum me-
chanics. This paper is a review of this approach.

The topic of electromagnetic potentials and gauge trans-
formations has a long history. A fascinating, exhaustive ac-
count going back to the mid 1800s has been given by Jack-
son and Okun.? As a consequence, the familiar Lorentz
gauge in current textbooks will soon be replaced by the Lo-
renz gauge. '3 For the same reasons, the author believes that
it is necessary to rename the new class of gauges. We will
use the term velocity gauge to unify the complete a-Lorentz
gauge, the a-Lorentz gauge, and the alpha-Lorentz gauge
used by the author and others, =% and the Veloc1ty gauge and
the v-gauge used by Jackson] and Drury The reader is en-
couraged to consult Refs. 1 and 2 for the history as well as
the physics of gauge transformations in electromagnetism.

We must discuss the existing way we look at vector po-
tentials. Its central theme is the theorem™'*'? due to Helm-
holtz that any vector field, for example, a vector potential at
a fixed time, can be uniquely decomposed into a gradient and
a curl component. Most importantly, the curl component has
a vanishing divergence and the gradient component does not
generate a magnetic field. The gradient component is be-
lieved to be totally arbitrary and unnecessary because it can
be altered by a gauge transformation. In contrast, the curl
component remains unchanged during a gauge transforma-
tion. Thus, the Coulomb-gauge vector potential is believed to
have only the minimum core (curl) component without any
unnecessary gradient components.

In contrast, our approach concentrates on how the poten-
tials propagate in space. We recall that the foremost result of
Maxwell’s equations is the propagation of electromagnetic
fields at the finite speed ¢ from the charge and current den-
sities. We want to understand the potentials in the same way
that we have understood the fields. The emphasis is on how
each component of the potentials propagates in space, sub-
ject to the constraint that the resulting fields always propa-
gate at speed c.

Brill and Goodman'? were the first to consider the propa-
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gation speeds of the potentials and tried to reconcile the fi-
nite propagation speed c of the fields with the instantaneous
propagation of the Coulomb-gauge scalar ]potential. Their
work was incorporated into Jackson’s text ~” on classical
electrodynamics. At the same time, the author proposed the
velocity gauge (the a-Lorentz gauge),® in an effort to solve
the gauge problem in quantum mechanics."* Yang and Kobe®
used the faster-than-c potentials to establish a link between a
violation of gauge invariance and a violation of causality in
quantum mechanics. Brown and Crothers® developed a com-
prehensive theoretical framework for the vector potential,
with solutions applicable to boundary surfaces. Baxter’ used
this development to re-examine the quantization of the fields.
Finally, Drury9 and Jackson' rediscovered the velocity gauge
and the v-gauge and were the first to use the term velocity
gauge for this gauge.

The organization of this paper is as follows: We devote
Sec. II to the existing method by reviewing the necessary
mathematics in Sec. II A, the Coulomb and the Lorenz
gauges in Sec. II B, and the Helmholtz theorem in Sec. II C.
We will show that the Helmholtz decomposition leads to
spurious nonlocal and propagation behavior into the gradient
and curl components.3’4’12 "3 The discussion in Sec. III paral-
lels the chronology of our approach, with the work of Brill
and Goodman'® on the Coulomb gauge in Sec. IIT A, the
velocity gauge in Sec. III B, the restricted and the unre-
stricted gauge transformations in Secs. III C and III D, the
Brown—Crothers equation in Sec. III E, an alternative deriva-
tion of their results in Sec. III F, and Jackson’s method in
Sec. III G.

Because of the propagation problems of the Coulomb
gauge, we review in Sec. IV a new decomposition of the
potentials in the Lorenz gauge for a point charge into two
sets of c-retarded potentials, such that one set generates only
the acceleration fields and the other only the velocity fields.®
In Sec. V, we discuss the old and new approaches to electro-
magnetic gauge transformations, discuss how to visualize a
gauge by picturing how the potentials propagate in space,
and explain how to see the link between the abstract concept
of a violation of gauge invariance and the more concrete
concept of a violation of causality and relativity. We note that
the characteristics and advantages of different gauges in
quantum gauge theories have been discussed in Ref. 15.
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II. THE MATHEMATICS OF GAUGE
TRANSFORMATIONS

We review the traditional discussions of classical electro-
magnetic potentials and gauge transformations in most text-
books on electromagnetism, add comments where appropri-
ate, and point out some serious defects in the traditional
approach.

A. Maxwell’s equations and propagation
of electromagnetic fields

We first review Maxwell’s equations in Gaussian units.
Assume that there are localized charge and current densities
p(r,7) and J(r,7), subject to the restrictions that they vanish
everywhere at =<1, and that there are no boundary surfaces.
If we use E(r,7) and B(r,7) for the electric and magnetic
fields, Maxwell’s equations in vacuum are

V - E(r,t) =4mp(r,1), (2.1a)
V-B(r,7) =0, (2.1b)
VX E(r.0) =— LB, (2.1¢)
c ot
V X B(r,f) = 4—7TJ(r,z) + lﬁE(r,t). (2.1d)
c c ot

The wave equations for the fields can be derived from Eq.
(2.1):

1 &E(r,?) 47 9
2 7 —
VZE(r,?) JER 47V p(r,1) + 2 (%J(r,t),
(2.2a)
1 #B 4
V?B(r,1) - —2‘72 (5 D AT ), (2.2b)
c ot c

For our simplified boundary conditions, the closed-form so-
lutions are

19
E (r,7) =—f G(r,tc|r’,t')[V’p(r’,t’) + —2;J(r’,t’)
c
Xdr'dt', (2.3a)
1
B.(r,1) = —f G(r,tlc|r’,tH[V' X J(x',¢")]dr'dt’,
c
(2.3b)
where the c-retarded Green function is
-2l
t——————1
c
G(r,tclr',t") = , (2.4)

r—r’|

where 6 is the Dirac delta-function. We have introduced the
propagation subscripts ¢ in E. and B, to emphasize that the
fields propagate at speed ¢ from the charge and current den-
sities (the source regions). If a quantity is totally or partially
generated outside the source regions, it will not have any
propagation subscripts. The propagation subscripts em
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phasize the most critical dynamical property of the potentials
and fields, which we will use extensively in the following.

B. Coulomb gauge, Lorenz gauge, gauge transformations

A different way of obtaining the fields is through the po-
tentials. From Egs. (2.1b) and (2.1c¢), it follows that the fields
can be generated by a vector potential A and a scalar poten-
tial @ by

B(r,r)=V X A(r,1), (2.5a)

E(r,r)=— V®&(r,1) - la%A(r,t). (2.5b)

By using these results in Egs. (2.1a) and (2.1d), we obtain

V2D(r,7) + %%[V -A(r,0)]=-4mp(r,1), (2.6a)
1 PA(r,r) 4
VA - 5 == ()

10
+ V|V -A(r, )+ ——P(r,0) |.
cot

(2.6b)

We note that Eq. (2.6) does not uniquely determine the po-
tentials because Eq. (2.6) allows the freedom of a gauge
transformation. If we use x(r,7) to denote a gauge function
with the properties, VX[Vx(r,7)]=0 and (/3d1)[Vx(r,1)]
=V[(d/3t)x(r,1)], and consider a new set of potentials
(A", d’) related to the set (A,®P) by a gauge transformation,

A'(r,t)=A(r,0) + V x(r,1),

D' (r,1) = D(r,1) — lﬁ)((r,t), (2.7)
cot

then it is easy to show that the new potentials also generate

the same fields E and B. Hence the new potentials A’ and

®’ also are solutions of Eq. (2.6).

Because Eq. (2.6) allows multiple solutions, a constraint is
needed to solve for a unique set of potentials. Such a con-
straint is called a gauge condition. The two well-known
gauge conditions are the Coulomb and the Lorenz condi-
tions:

V- -A9r,)=0, (2.8)

V-AO(E) + LB (e = 0. (2.9)
c ot
We have introduced the gauge superscripts C and L to dis-
tinguish the potentials.16
The Lorenz condition in Eq. (2.9) leads to the usual de-
coupled equations:

1 PO (r,t
V2D (r 1) - ?—r?tz( ) =—4mp(r,1), (2.10a)
1 PAY(r,t 4w
VAO(e ) —STAED ATy 2ow)
c ot c
The closed-form solutions are
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(2.11a)

O (r,1) = J
1

AD(r,1) =~ f
C

The potentials are subject to the initial and boundary condi-
tions: ®(r,7)=A(r,r)=0 for all r at t<r, and PD(r,r)
=A(r,1)=0, for all ¢ at |r|—oe.

The equations for the potentials in the Coulomb gauge can
be obtained similarly by using Eq. (2.8) in Eq. (2.6):

Jele',t)p(x',t")dr' dt’,

dr’ . (2.11b)

V2D O(r,1) = — 4ap(r,1), (2.12a)
1 A 47
VZAO(r, 1) - —Tz(r Jtr(r 0, (2.12b)
where the transverse current density is
J,(r,0)=J(r) - — V —<1><C>(r 7). (2.13)

The solutions, subject to our initial and boundary conditions,

are
(I)(C)(r 1) = fp(r 2

5( |r r| r
f | 1 p(r’,t")dr'dt’, (2.14a)
r—-r
1
A(C)(r,z)z—f Aele’ ) (' )dr'de’ . (2.14b)
C

In the last term of Eq. (2.14a), we have used the mathemati-
cally incorrect but physically intuitive notation of using the
infinity sign inside the delta-function to emphasize the phys-
ics involved: instantaneity equals propagation at infinitely
fast speed.

Here, we note some peculiarities with the potentials in the
Coulomb gauge. The scalar potential CID;C) has the subscript %
to indicate that it propagates instantaneously from the charge
density p(r’,t’). But, the vector potential does not have a
subscript to indicate how it propagates from the source re-
gions. Equation (2.14b) indicates that A(©) propagates at fi-
nite speed ¢ from the transverse current density. But because
Ji does not vanish outside the source regions because of the
last term in Eq. (2.13), the propagation behavior of A©) from
the source regions cannot easﬂy be determined from Eq.
(2.14b). Brill and Goodman 13 were the first to notice these
peculiarities and offer a satisfactory explanation (see Sec.
I A).

C. Helmholtz theorem

From the Helmholtz theorem, the vector potentials can be
uniquely decomposed into a gradient and a curl component
(see, for example, Refs. 3 and 10-12). The gradient compo-
nent is called longitudinal and the curl component is called
transverse. With the exception of the transverse current den-
sity, we simply refer to them as gradient and curl compo-
nents. Our reasons will become clear in Sec. IV.
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The Helmholtz theorem starts with the identity for a vector

function H(r,7) that vanishes at infinity,
V2H(r,r)= V[V -H(r,))]- V X[V X H(r,7)], (2.15)

which can be solved by the usual quasistatic (instantaneous)
Green function method:

H(r’t) = ngad(r»l) + chrl(r»l)s (2 16)
1 V' -H(r',t
Hyq(r,t)=——V f #dr’ , (2.17a)
4 Ir—r'|
1 V' X H(r',t
chrl(rvt) =—V X f #dl"
4 [r—r'|
=H(r,1) = Hg,qg(r,1). (2.17b)

There are two physics-related problems with this decompo-
sition that are relevant here: It introduces a spurious nonlocal
property 3 and spurious propagation behavior into the
gradient and curl components. The results of the Helmholtz
decomposition are not physically consistent with the original
vector function because of the spurious properties of its com-
ponents.

We first examine the spurious nonlocal property by con-
sidering the Helmholtz decomposition of the current density
J(r,?) from Eq. (2.1d). According to Eq. (2.17a), the gradient
component of the current density is (see, for example, Ref. 3)

1 V' J(r )
i 525

1 p(r ,1) 1
V r'=—
Tam o [r—r’| T 4w

d
vV —®(r,),
PR AU

(2.18)

where we have used the equation of continuity of the charge
and current densities and ®© is the Coulomb potential in
Eq. (2.14a). Because Joyq=J—Jgraq, We see that Jy is the
transverse current density J,. in (2.13). Because the Cou-
lomb potential ®© exists everywhere, it is obvious that
both Juq and J., do not in general vanish outside the
source regions. Hence, both J,q and J,q cannot be physi-
cally measured.

Next, we discuss the spurious propagation behavior. We
assume that the sources are turned on at =0 and are turned
off at ¢, and consider a time 7 satisfying 0 <7<t Because
the sources are localized, there exists a finite, positive R,
such that p(r,?)=J(r,#)=0 for all r and ¢ satisfying |r|> R,
and 0=<r=<r. Because the potentials in the Lorenz gauge
propagate at speed c¢ from the charge and current densities,
we have (DEL)(I‘,T)ZA(CD(I‘,T):O for all r with |r|> (R,
+c¢7). Because the sources are on from =0 to =7 and be-
yond, there are regions with |r| <(R,+c7) where either the
vector or the scalar potential or both do not vanish.

We now consider the Helmholtz decomposition of the vec-
tor potential in the Lorenz gauge at t=r7,

1 vV -AYR 7
[AE-L)]grad(r’ T) =——V f < (/ )dl',
4 [r—r'|
1 o (P,
_ Lo 2 [ 2D (2109)
dme  OT r—r’|
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[AE-L)]curl(r’ T) = AE-L)(rs T) - [AEL)]grad(ra T) . (2 19b)

We concentrate on the regions with |r| > (R,+c7). According
to Eq. (2.19a), the gradient component [AiL)]gmd(r,T) does
not vanish because the scalar potential does not vanish
identically for all r’ satisfying |r’|<(R,+c7), and the in-
tegration dr’ is over the entire space, including all |r’|
<(R,+c7). Most importantly, the connection between the

source (DEL)(I",T) with [r'|<(R,+c7) and the destination
[AE,L)]grad(r,T) with |r|>(R,+c7) is instantaneous (quasi-
static) because the same time 7 appears in both. But the
vector potential AﬁL)(I‘,T) does vanish for all |r|>(R,
+c¢7) because of its finite propagation speed c¢. These ar-
guments indicate that the gradient component [A ]grad
propagates ahead of 1ts progenltor AL) By Eq. (2.19b),
the curl component [A ]Curl also possesses the same spu-
rious propagation behavior.

This discussion indicates a need for a physically consistent
understanding of the potentials. The emphasis will be on the
physics of the potentials: how and how fast the potentials
propagate in space. We will see that this new way gives us a
physically intuitive way to understand electromagnetic gauge
transformations.

ITII. THE PHYSICS OF GAUGE
TRANSFORMATIONS: PROPAGATION OF THE
POTENTIALS

Our criticism of the traditional approach centers on its
reliance on the mathematics of the gradient and the curl com-
ponents from the Helmholtz theorem. We will see that the
new approach corrects for this important deficiency in the
traditional approach.

A. Instantaneous component of the vector potential
in the Coulomb gauge

It was well known that the scalar potential in the Coulomb
gauge propagates instantaneously in space even before the
appearance of Ref. 13. Jackson empha51zed this property 0.1
and stated: “The scalar potential is just the instantaneous
Coulomb potential due to the charge density p(x,1).”

To reconcile this causality-violating behavior of the scalar
potential with the finite propagation speed c¢ of the fields,
Ref. 13 concluded that the transverse current density must
exist outside the source regions, and the Coulomb-gauge
vector potential must contain two components with different
propagation speeds: one propagates instantaneously while
the other propagates at the finite speed ¢ from the charge and
current densities.

In Sec. I C we discussed the nonlocal property of the
transverse current density. We now focus on the propagation
behavior of the potentials. We solve for the vector potential
from Eq. (2.5b) and obtain

t t
A9, =—-c f E (r,/)d! - ¢ J VO (r,1")dt",
(3.1)

which clearly shows the propagation behavior of A€ first
found in Ref. 13.
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We still have to reconcile the differences in physics be-
tween Egs. (3.1) and (2.14b). In Eq. (3.1), A©© has two
propagation speeds, ¢ and %, from the charge and current
densities. In Eq. (2.14b), A©) propagates at only one speed ¢
from the transverse current density. The resolution lies in the
nonlocal property of the transverse current density (see Refs.
3,4, 12, and 13). To see this, we rewrite Eq. (2.14b) as

A=A (1) + ACP(r,1), (3.2)

where A(L) is the vector potential in the Lorenz gauge in Eq.
(2.11b) and

1
AP =— — f dr
41c

" 1"

/I)
k]

X{ -V M p(r',t")dr'dt" |.(3.3)
ot

T

As is clear from Eq. (3.3), the propagation from (r’,#’) to
(r”,?") is instantaneous, which means that #’=¢'". The propa-
gation from (r”,") to (r,¢) is at finite speed ¢, which means
that t=1"+|r—r"|/c. Hence, t=t'+|r—r"|/c. But, we have to
integrate dr” over the entire space, including r”=r. Thus, the
component A(C®) has the net effect of instantaneous propa-
gation from the charge density.

That the Coulomb-gauge vector potential has an instanta-
neous component immediately leads to the conclusion that
the instantaneous component is spurious and unnecessary for
the generation of the c-retarded fields. This conclusion fol-
lows by considering the restriction imposed by relativity that
no physical information can propagate faster than ¢ in
vacuum. Hence the instantaneous component cannot be re-
lated to any physical information, for example, the electric
fields.

B. Velocity gauge

As stated in Sec. I, our main purpose is to understand the
propagation of the potentials in the same way we understand
the propagation of the fields. Hence the emphasis is on how
each component of the potentials propagates in space, sub-
ject to the constraint that the resulting fields always propa-
gate at speed c.

To understand the effects of gauge transformations in
quantum mechanics, " the author discovered the velocity
gauge (the a-Lorentz gauge) This class of gauges uses a
parameter to exhibit the propagation behavior of the poten-
tials; the Coulomb and the Lorenz gauges are just special
cases. The velocity gauge with the parameter v, abbreviated
as the v-gauge, is defined by

ct o
VoAV + 5= (e =0, (3.4)
v-cot

where v is a real, nonzero constant. Our purpose is to find
closed-form solutions for the potentials having definite
propagation behavior from the charge and current densities.

First, we substitute Eq. (3.4) in Eq. (2.6) to eliminate
V-AW:

1 POYr,
V2D)(r, 1) - —2& =~ 4ap(r.1),

Py (3.5a)

Kuo-Ho Yang 745



1AV 4w

VZA©(r,1) - e - ?Jm(r,t), (3.5b)
where the v-transverse current density is
1(c? d
Jo (e, 0) =J(r,0) + E(F - 1) 4 gtCD(”)(r,t). (3.6)
We define the v-propagating Green function by
-2
o\t—— -t
Gr,dolr’ ') = Z , (3.7)

r—r’|

1 &
(Vz— —2?>G(r,t o', t) =—4mwsr-r")8(t—-1').
v

(3.8)
The solutions for the potentials are
®Y(r,1) = f G(r,tolr’,t")p(x' 1" )dr' dr’, (3.92)
1
AW (r,7) =~ f G(r,tlc|r’, )], (x',t")dv' dt’ . (3.9b)
c

Again, the vector potential has no propagation subscripts be-
cause of the nonlocal behavior of J,(r,#").

The following argument will be used to obtain the closed-
form solution for the vector potential: Electromagnetic fields
propagate with speed ¢ from the physical charge and current
densities and are gauge-invariant. If we substitute the poten-
tials in Eq. (2.5) and show the propagation speeds of all
those quantities that have them, then

B.(r,))= V X A®(r,1), (3.10a)

19
E (r,))=— VO (r,1) - —a—tA(”)(r,t). (3.10b)
C

In the following we will consider only those cases with v
# ¢, including v <0 for the advanced solutions. When v=c,
the solutions are the potentials in the Lorenz gauge.

We note that if Eq. (3.10b) is to be mathematically correct
and physically consistent, A® must have one c-retarded and
one v-propagating component:

AO(r, 1) = AV (r,1) + AV (r,1). (3.11)

The v-component must cancel exactly the effects of the
v-propagating scalar potential so that only the c-retarded
electric field is generated,

10

- VOL(r, - ;EAE,“)(r,t) =0, (3.12a)
14

-~ AY(r,1) =E(r.1). (3.12b)
cot

If we substitute Eq. (3.11) in Eq. (3.10a) for the generation
of the magnetic field, we have

V x AY(r,0) =0, (3.13a)
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V X AV(r,1) =B(r.1). (3.13b)
The solution of Egs. (3.12a) and (3.13a) is
t
AV, n=-cV f OV(r,")dr". (3.14)

I

To solve for A(C"), we use the fact that the fields are gauge-
invariant, which means that they also can be expressed in
terms of the c-retarded potentials in the Lorenz gauge:

140 140
- —— A, =E(r,) =- VO (r,) - ~—A"(r,1),
cot c ot

(3.15a)
V X AP, =B, (r,) = V X AV(r,1). (3.15b)
The solution of Eq. (3.15) is
12
AP =AY +cV J OB (r,1"dr". (3.16)

Io

Thus, we obtain the desired closed-form solution for the vec-
tor potential:

1
A ) =AY, +cV J [ (r,1") - DL (r,")]dr".
I

(3.17)

The solutions in Egs. (3.9a) and (3.17) are valid for all val-
ues of v # 0, including v <O0.

Thus, a choice of gauge determines not only the gradient
component of the vector potential, but also the propagation
speeds of the potentials. Also, Egs. (3.12a) and (3.13a) illus-
trate the essence of gauge invariance: the unphysical or un-
necessary components of the potentials cancel exactly, gen-
erating no electric and magnetic fields.

For completeness, we show the equivalence of the two
expressions in Egs. (3.9b) and (3.17), along with the result of
Ref. 5. We first write Eq. (3.9b) in the form:

2

1
AO(r,1) = AP(r,1) + —(C—2 - 1) VAU®r,r), (3.18)
4m\v

J
A(”"I’)(r,t)z—at j G(r.tc|r", ) DV (", ") dr"dr".
c

(3.19)

We then differentiate A®"®) with respect to time and use Eq.
(3.5) to derive an expression for AP/ in terms of the
potentials (DI(JU) and <I)£L):

d
— AP (p p) = f [4mS(r —x")S(r—1")
cot

+V2G(r,tc|e”, ) OY (", ") dr" di"

C|I'", l‘")

= 47DV (r,1) + f G(r,t

% [V"zq)gu)(l'”,t")]dl‘"dl‘"
= 477(135”)(r,t) - 47T<D£L)(l',l)
29

+5—AUP (7).

3.20
v-cot ( )
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From Egs. (3.20) and (3.18), we arrive at Eq. (3.17), which
completes our proof.

C. Restricted gauge transformations

There are two kinds of classical electromagnetic gauge
transformations. However, we will not call them gauge trans-
formations of the first and second kinds because these terms
have been used before.'” Instead, we adopt Jackson’s
convention™'"'? and classify one kind as the restricted gauge
transformations and all others as unrestricted gauge transfor-
mations.

We use x to denote a solution to the homogeneous
v-wave equation,

1 PxA(r,1) _
S =

Then, we call the transformation,
AT AC) 4 Y ) liew) Z o) _ E%X(w, (3.22)
c

a restricted gauge transformation within the v-gauge. It has
two unusual properties: First, the new potentials satisfy the
same gauge condition as the old potentials,

2

2
Vo A®W 4 ——<I><new)— VAW 4 ——<D ©) 4+ V2x©)
cot 2¢a

L &ZX(U)
v’ o

=0. (3.23)

Second, because the v-wave equation (3.21) is homoge-
neous, this transformation can never alter the components of
A® and ®© which are explicitly related to the charge and
current densities, that is, those given in Egs. (3.9a) and
(3.17). Hence, it can never transform the potentials to an-
other v’-gauge if v’ #v.

D. Unrestricted gauge transformations

The transformations that alter the gauge conditions or the
propagation speeds belong to the unrestricted gauge transfor-
mations. Explicit gauge functions for a broad range of the
unrestricted gauge transformations have been obtained (Ref.
4, Appendix B) and, more recently and more extensively in
Ref. 1.

We use x©4=meW) to denote the gauge function that trans-
forms the old potentials A©% and ®©'9 to the new potentials
A% and ®Mew) a5 described in Eq. (2.7). We also define
the potentials @7 and A™ in the temporal gauge (see, for
example, Ref. 1) by

& D(r,1) =0,

1
AP, =AP(r,0) +c J vV & (r,")dr",

(3.24a)
J )
—I[V - AYA(r,0)]=-47p(r,1). (3.24b)
cot
Then, for two arbitrary nonzero v and u,
t
XD =c J OV (r,1")dr", (3.25)
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X0 = X0 = ()

1
—¢ f [P (x,¢") = DY (r, ") ]dr"

J' 1 t—R/v
=c dr’—f p(r',t)dt’
R —R/u

where R=|r—r’| and the last expression in Eq. (3.26) is in
the form favored in Ref. 1.

(3.26)

E. Brown—Crothers equation

The mathematical groundwork for the velocity gauge was
developed in Ref. 6 that noted two deficiencies when the
gauge was first introduced.* These deficiencies are that Eq.
(3.5b) for the vector potential is still coupled to the scalar
potential, and the solution for the vector potential in Eq.
(3.17) is not applicable to problems with boundary surfaces.

Instead of following their Lagrangian field-theoretic ap-
proach, we use Eq. (3.4) to eliminate the scalar potential
from Eq. (2.6b), resulting in the Brown—Crothers equation:

1 A () (v
VzA(w(r,t)__z%Jr 0_2_1 VIV AY(r,0]
I C

e, (3.27)
C

To solve Eq. (3.27), a dyadic Green function G®
") is introduced,

1
AV (r,r)=— f
c

2
<V2 17 >G<v>+ (% - 1) VIV-G©]

dr', (3.28)

c? or
=—47ldr-r")8(t-1"), (3.29)

where I is the dyadic idemfactor. Then, Eq. (3.29) is further
reduced to a fourth-order equation so that the solution be-
comes more obvious. First, we take the divergence of both
sides of Eq. (3.29) to find
1 4
<v2 )[V Gv>]—-—va(r r')t-1').
(3.30)

Then we apply the operator (V2—v~27/d*) from the left to
both sides of Eq. (3.29) and use Eq. (3.30) to obtain

1 & 1 &
Rt P

1 &
=I(V2 ——)[( 4m)8r—-r")ot—-1")]
v2 =
+ (= 471-)2 V Vér-r)st-1"). (3.31)
The solution of this fourth-order equation is'®
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GO(r,f||r".1") = G(r,t|c|r’ )T

v?—c?

47v?

+ (3.32)

- |

Jcelvlr’ 1),

where

U

, ”)G(r”,t”|v|r,,t,)dr”dt”,

(3.33)
1 & 1 &
(7= 22 (7= 55 o
=(—4m)28r-r")8t-1") (3.34)

The solution in Eq. (3.32) also can be expressed in our
preferred operator form,

Jelr’, eI
0?2 =2

+
47

op

S Gr.dlelolr’ . )V'V, (3.35)

which can replace G 1n Eq. (3.28) for the vector potential.
Yang and Hirschfelder' used the classical electric and mag-
netic multipole operators extensively in their investigation of
the electromagnetic interactions of semirelativistic classical
charged particles with electric and magnetic multipole mo-
ments.

F. Alternative derivation of results of Brown and
Crothers

We now show that the dyadic Green function operator G(U)
in Eq. (3.35) or the Green function G in Eq. (3.32) also can
be derived directly from Eq. (3.9b). First, we separate the

vector potential in Eq. (3.9b) into two terms:
AV, ) = AP (r,1) + ACP(r,0), (3.36)

where AE_L) is the vector potential in the Lorenz gauge in Eq.
(2.11b) and

"

2 — 2
AP () = Jdr
darev?
2 — 2
= fdr
4arcv?
XfG(r",t”|v|r',t’)p(r’,t')dr’dt'
2 =v?
= 5 Jdr
47rcv
JG(r” 'v|r’ t)V’[ —p(r’ t)}dr’dt
e
"¢ 4m?

-J(x',t")dr'dt' .

C|l’” l”)V"_(I)(U) " H)

"

C|l’” l”)V"
ot

"

"

,l C|I'”,[”)

¥, t")V'V']

(3.37)

Thus we see that we can derive the same dyadic Green func-
tion in a more straightforward, albeit less elegant, manner.

748 Am. J. Phys., Vol. 73, No. 8, August 2005

G. Jackson’s method

There is yet another simple and elegant method by
Jackson' for obtaining the vector potential in an arbitrary
gauge. It requires three known quantities to start with: A©9),
®CD and deY) where A(°ld) and ®©9 are the potentials in
a known gauge and ®"™" is the scalar potential in a new
gauge with an unknown vector potential A®"). Unlike our
method in Sec. III B where the physics of the propagation of
the potentials is used extensively, Jackson’s method is
strictly a mathematical procedure. The reader is advised to
consult Ref. 1 for many more gauge functions with historical
importance. Drury also rediscovered the velocity gauge, but
did not derive the closed-form solutions for the vector poten-
tials.

Let us demonstrate how Jackson’s method works. We start
with the gauge transformation in Eq. (2.7), solve for the
gauge function, and then use this solution to solve for the
vector potential:

t
X(Oldﬁnew)(r’t) — CJ [(D(Old)(l‘,t") _ (D(new)(l‘,t”)]dt",

(3.38a)

t
A(new)(r,l) =A(°1d)(l’,t) +c VJ [(I)(Old)(l‘,[")

— PEW(r,1")]dr". (3.38b)

As an example, we apply this method to find the vector
potentials in the v-gauge from the Lorenz gauge. With R

13
X0 =c f [ (r.") = @ (") Jdt”
f J‘Z—R/C P(r t)
t—R/v |I‘ I'|
t
AV =AY, +cV f [D B (r,7") = DY (r,7")]dr"

t—R/c
')
= A(L)(r H+cV f dr’ f plr’, t'

—Rlv Ir— 1'|

(3.39)

(3.40)

Just like our method in Sec. III B, Jackson’s method relies on
the work of Ref. 6 as its mathematical foundation.

IV. POTENTIALS FOR THE VELOCITY AND
ACCELERATION FIELDS OF A POINT-CHARGED
PARTICLE

In the traditional approach, the vector potential A(©) in the
Coulomb gauge is believed to generate the free fields be-
cause its divergence vanishes identically. But A© carries a
causality-violating instantaneous component. Hence, not all
of the free E-field E©©=—(1/¢)(dA©)/dr) can be physically
measured. Only the c-retarded component of E© can be
measured. For this reason, we want to revisit an original
objective of using the Coulomb gauge in quantum mechan-
ics: to find a set of c-retarded potentials that generates only
the c-retarded, transverse, radiation or free fields.
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Instead of trying to solve for such a set of potentials for an
arbitrary charge and current distribution, we consider the
special case of a point-charged particle. Here, the situation is
well defined: the exact expressions for the velocity and the
acceleration fields are available,”>* and the acceleration
fields are the radiation fields. We want to find a set of
c-retarded potentials for the acceleration fields of a point-
charged particle with an arbitrary motion in any Lorentz
frame.

The total fields of a point-charged particle separate natu-
rally into the velocity and the acceleration fields, and both
fields are c-retarded. The velocity fields are the bound fields
because they vary like R~ and the acceleration fields are the
radiation or free fields because they vary like R™!. The direc-
tion of propagation of the fields is defined to be the direction
pointing from the position of the particle at the time of emis-
sion of the fields (the c-retarded position) to the position
where the fields are observed at a later time. There also is no
confusion that the acceleration fields are transverse fields,
not because they are divergenceless—the acceleration E-field
is not divergenceless—but because they are perpendicular to
the directions of propagation of the fields at all observation
points.

Let us consider a point-charged particle with charge g,
trajectory s(¢'), velocity v(¢')=ds(t')/dt’, and acceleration
a(t')=dv(t')/dt'. The point of observation will be denoted
by r, and the observation time by 7. The charge and current
densities are  p(r’',')=¢d8r'-s(t')) and J(r',t')
=gv(t')8(r'—s(t')). The potentials in the Lorenz gauge, also
known as the Liénard-Wiechert potentials,20 are

OD(r,1) = Jqﬁ(ﬂ(rtt))t

~ q
_{[1 —clu(r) - v(t’)]R(t’)}C’ (“.12)

(1-0v%c?*)(u-a)-

(a-v/c)(1 —u-v/c)

V-E®(r,) = 2q{

(1 —u-v/c)*R?

Also, {u}, is the local direction of flow of radiation energy:

p c p .
SE,"“)(r,t) = —Eﬁ,dcc)(r,t) X Bgdcc)(r,t)
4

= —[EC(e 0 Plul. (4.6)
4
Because {u}, is the direction of propagation of the fields,
we say that a field or vector potential is longitudinal if it is
parallel to {u}, and transverse if it is perpendicular to {u},.
Now we want to find a set of c-retarded potentials that
generates only the acceleration fields and another that gener-
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AD(r,1) = qu(t ii(@t;tt))dt

_ gv(t)
=) V()R |

O(r,t,t")=t—=R(t')/c—t', R(t')=r-s(t'),

(4.1b)

R(t")
that the
quantities inside the braces are evaluated at the c-retarded
time ' =t—R(t")/c.

The fields %ro%p naturally into the velocity and the accel-
eration fields:

where

10
E(r,)=— VO (r,1) - ——AP(r,1)
c ot

=E"(r,1) + (1), (4.2a)
B.(r,) = V X AY(r,1) =B (r,1) + B (r,1), (4.2b)
(1 -0 (u-vlc)
EC(r, ) =14 ,
& (r ) { (l—u'V/C)3R2 .
B (r,1) = {u}, X EV(r,), (4.3)
(acc) qu X [(u=v/c) X a]
E ( ) 2 3 9
c*(1-u-v/c)’R |,
B (r,1) = {u}, X E*(r,7). (4.4)

The significance of {u}, is that it is the direction of propaga-
tion of the fields emitted at the c-retarded position s(z') at the
c-retarded time ' when the observation is made at location r
at observer’s time ¢. This point is demonstrated in Eq. (4.4).
The acceleration fields are transverse because they are per-
pendicular to the direction of propagation {u},, that is,
{u}c-E(CaC°>={u}C-B(CaCC>:O. We have not seen any statements
proclaiming the transversality of the acceleration fields based
on their divergences. Actually the divergence of the accelera-
tion E-field does not vanish:

} . (4.5)

ates only the velocity fields.® For this purpose, we define two
sets of potentials and their generating functions by using

(j)=(vel) or (acc),

(1-0%c?)
I T 4.7
() (1-u-v/c)R “7)
(u-a)
F(acc) ,t, — q—’ 4.8
() A(1-u-vlc) “8)
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(1-u-v/c)
i .t
A (e 1) = {ﬁ} : (4.9)

We wish to show that the potentials AE_vel)(r,t) and Q’E,Vel)
X(r,r) generate only the velocity fields, the potentials

AE?CC)(r,t) and (Di,m)(r, f) generate only the acceleration
fields, and these four potentials are related to the potentials in
the Lorenz gauge by

AP () = ALV (1) + AL (0 + VAN r,),
(4.10a)

10
DB (r,1) = " (r,1) + B (r,1) - ;gtAgvel-acﬂ(r,t),

(4.10b)
AL (e 1y = — g{In[(1 —u + v/e)R(1") ]} (4.10¢)
To prove these statements, we first note that
N I -vr®
-V - -—AY= LV (4.11a)
cat (I-u-v/c) ],
, X (= VIT©) (- VIV
V X AU) = urm vl = XY= ( .
¢ { (1-ua-v/ic) |, tul (1-u-vlc) |,
(4.11b)

If we use Eq. (4.7) and V[(1-u-v/c)R]=V(R-R-v/c)=(u
—v/c), then

B q(1 =v?/cH)(u-vl/c)

- VIt (1 -—u-v/c)R?

(4.12)

If we use Eq. (4.8) and (1-u-v/c)=u-(u-v/c), we obtain
q(R-a) } ___ ¢ga

(1-u-v/c)R (1-u-v/c)R

g(u-a)(u-v/c)

(1-u-v/c)R

B glu-a)(u-v/c)—qglu-(u-v/c)la
- (1-u-v/c)’R
_quX[(u-v/c) Xa]
~ (1-u-v/c)’R

—CZVF(“C):—V{

(4.13)

Thus, we have shown that the potentials A" and @'

generate only the velocity fields, and Af,m) and @E,"CC) gener-
ate only the acceleration fields. The results in Eq. (4.10) can
be shown easily; the proof will be left as an exercise for the
reader.

V. CONCLUSIONS

The traditional approach to gauge transformations is based
entirely on the properties of the gradient and curl compo-
nents from the Helmholtz decomposition of the vector poten-
tials. This purely static approach is not equipped to describe
the most important dynamical property of the potentials: how

750 Am. J. Phys., Vol. 73, No. 8, August 2005

and how fast the potentials propagate in space from the
physical charge and current densities. Our approach corrects
this deficiency.

As a consequence of our emphasis on the propagation be-
havior, we have learned that in the velocity gauge with v
# ¢, the scalar potential propagates at speed v, and the vector
potential has one v-propagating and one c-retarded compo-
nent. The v-components of the scalar and vector potentials
are unnecessary for the generation of the c-retarded fields.
Because these wv-components are detached from the
c-retarded fields, they should not be involved in the defini-
tion of quantities intended to represent measurable observ-
ables unless such quantities are shown to be gauge-invariant
first. Even when they are involved in gauge-invariant quan-
tities, they have no effect on the measurement results be-
cause their only purpose is to cancel the other v-propagating
effects of the gauge-invariant quantities.

Our results in Egs. (3.14)—(3.17) with v =0 indicate that in
the Coulomb gauge the vector potential has gradient compo-
nents: the c-retarded gradient component is embedded in Af,v)
in Eq. (3.16) and the instantaneous gradient component is
Af}”) in Eq. (3.14)."*75 Their divergences—not the physi-
cally independent gradient components themselves—cancel
each other, causing the divergence of the vector potential to
vanish.

Most importantly, we can now visualize the propagation of
the potentials in the same way that we have visualized the
propagation of the fields. Because we can visualize the po-
tentials, we can relate the abstract concept of a gauge to the
more concrete picture in which a gauge is represented by
different components of its potentials propagating at different
speeds in space. Once we have understood this relation
clearly, we can relate the abstract concept of a violation of
gauge invariance to the more concrete concept of a violation
of causality and relativity.

A violation of gauge invariance means that there are bits
and pieces of the potentials that do not cancel, resulting in
the manifestation of the effects of these pieces of potentials.
[An example of the potentials canceling cleanly is shown in
Eqgs. (3.12a) and (3.13a) with v # c. An example of the po-
tentials not canceling cleanly is the classical canonical mo-
mentum in the v-gauge, p“=m(dr/df)+(q/c)AY), for a
nonrelativistic particle with mass m, charge ¢, and velocity
dr/dt.] If we choose a gauge with potentials that carry faster-
than-c components, we have a violation of causality and rela-
tivity because the effects of the potentials will exhibit them-
selves before the arrival of the c-retarded fields. Yang and
Kobe® have used the gauge dependence of the conventional
interaction Hamiltonian to show that the conventional inter-
pretation of the quantum mechanical probabilities violates
causality in those gauges with advanced potentials or faster-
than-c retarded potentials. The link between violation of
gauge invariance and violation of causality and relativity is
the fundamental conceptual impetus behind the pursuit of a
manifestly gauge-invariant interpretation of quantum me-
chanics in Refs. 14, 23, 24, 19, 25, 26, 5, and 27.
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