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S u m m a r y  

T h e  connec t ion  b e t w e e n  p l a n e  w a v e  a n d  spher ica l  w a v e  s c a t t e r i n g  f rom 
a n  in f in i t e ly  cyl indr ica l  ob jec t  is i nves t iga t ed .  If  t h e  d i s t a n c e  of  t h e  source  
a n d  t h e  obse rve r  f r o m  t h e  axis  of t h e  cy l inder  a re  d e n o t e d  b y  eo a n d  Q, 
respec t ive ly ,  t h e  ra t io  of  t h e  s ca t t e r ed  field to t h a t  for p l a n e  wave  exc i t a t i on  

Eeo/(oo + e)] ~. 

In the theoretical treatment of problems in electromagnetic and 
acoustic scattering it is usual to assume that  the primary excitation 
can be represented by a uniform plane wave. This is well justified 
if the largest dimension of the scattering obstacle is small compared 
to the distance to the source. In the case of scattering from long 
cylindrical obstacles, however, the curvature of the wave front of 
the incident wave cannot always be neglected. I t  is then of interest 
to examine if there is any simple relation between plane wave and 
spherical wave scattering from cylindrical obstacles. 

With respect to a cylindrical coordinate system (@, 9, z), the 
cylindrical obstacle is taken to be infinite in the z direction with 
uniform cross-section bounded by the surface @ = a. I t  is assumed to 
consist of isotropic and linear electrical or acoustical properties. The 
source at (@o, 9o, 0) is considered to be an axially directed electric 
dipole in the electromagnetic case or a point source in the acoustic 
case. The primary excitation is then represented by  the function ~pP, 
which is the z component of the electromagnetic Hertz vector or the 
acoustic velocity potential, and can be written 

~p~ = Ce -~7 r  (1) 

*) Present address: Central Radio Propagation Laboratory, Boulder, Colorado, U.S.A. 
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where/~ = 2~]wavelength, and r = (~  + 2~) ~ with 

= [e 2 + 02 - -  2eeo cos(9 - -  (po)] ~' 

and C is a constant.  The time factor implied is exp (io~t). Now 
making use of Sommerfeld 's  integral 1) it is seen tha t  

+oo 

~P = - -  ½Ci f H(o=)[(fl 2 - -  g=)~ ~e - ' * "  dg, (2) 

and by  employing the addition theorem 2) for the Hankel  function 
H~0 2) it follows tha t  

+o0 +o0 
~p~ ½Ci i,,,(~-~o) (2) = - -  Y, e f H , , ,  (Ueo)J,,(ue)e -i*" dg. (3) 

9 P I =  - - ¢ o  - - o o  

fo r  Q < ~o and  u = (/~2 _ g2)½. The e x c i t a t i o n  can n o w  be i n te r -  
p re ted  as a spectrum of cylindrical waves of order m. Each  of these 
cylindrical harmonics will be scattered by  the cylindrical obstacle 
and in general will excite a spectrum of cylindrical waves of order n, 
of the form 

R,,,,, e ~'~ HI 2) (ue) for n = 0, ± 1, 4- 2 . . . . .  

The factor R,,,,, is a cylindrical reflection coefficient which relates 
the scattered cylindrical waves of order n to a given incident 
cylindrical wave of order m. The scattered field ~v" can then be 
written 

+00 +00 +00 
~v s ~ - -  ½Ci E i,,,(~-~0) 12) v ei(--m)~ e f H , , ,  (UQo) .~ R,,,,, n}, 2) (ue)e - ' =  dg (4) 

m =  - - o o  - - ¢ o  t i =  - - c o  

The factor R,,,,, is to be determined by  the properties and the form 
of the cylinder ~). In  the case of a perfectly conducting cylinder of 
radius a (circular cross-section) it can be seen that  

J,,,(ua) 
R i m  - -  and R,,,,, = 0, n ~ m, (5) 

Hm(ua) 

and for the rigid circular cylinder (acoustic case) 

F. .q R ..... = - -  LOHI~ ) ( x ) / o x J  . . . .  a n d R  ..... = 0 ,  n ~ m  (6) 

In  fact, for cylindrical obstacles with polar symmetry ,  R,,~ for 
n =/: m, is always identically zero4). In  the more general case R,,,, is 
finite for n ~ e m  and is a function of the axial propagation constant  g. 
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The scat tered fields, in the practical  instance, are always observed 
a t  larger distances from the cylinder (i.e. e >~ a) and fur thermore  the 
source is located at  a large distance from the cylinder (i.e. eo >~ a). 
Under  these conditions the infinite integral in equat ion (4) is of 
the form 

+0o 

J = - { i f  T(g) Hl~' (Ueo) HI~ ~ (u~)e-'g: dg, (7) 
m o o  

where T(g) is a slowly varying compared  with HI2,1 and HI, a~ as a 
function of g. In fact since u~0 and u0 are large compared  to one for 
the significant values of g, the Hankel  functions can be represented 
by  the first te rm of their a sympto t ic  expansion. Tha t  is 

H(2),n (U~o) __,'-* (2/mtqo) ½ e - i " ° .  e iL~ ' ' ' + i ' l  (8) 

and similarly for HI, 2~ (uq). 
I t  is now convenient  to change the integrat ion variable to a 

defined b y  
g = fl c o s  a 

and therefore 
u = 13 s i n  a .  

The integral can now be expressed as 

e½i(m+n)~ f 
J = ~(eeo) ~ j T(fl cos a) e -ian~°'(°-') da, (9) 

C 

where 

R = [(Q + 0o)2 + z2] ½ and 0 = tan-1 ~ - - E ~ ) .  

The contour  C in the a plane is from (~z, - -  i oo) along a line parallel 
to the negat ive imaginary  axis to (~, 0), then along the real axis to 
the origin (0, 0) and finally out along the positive imaginary  axis to 
+ ic~. The integral is now in a form to be evaluated by  the method  
of steepest descents. This process can be carried out conveniently 
by  introducing a new variable of integrat ion Z defined by  

cos(0 - a )  = 1 - iz  ~ 

where X is taken to range from - -  oo to + oo through real values. 
The consequent deformation of the pa th  of integration does not 
change the value of the original integral unless some poles of the 
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integrand are swept over. The contribution from these poles are 
associated wtih guided or surface waves. The fields associated with 
them are a t tenuated very rapidly with distance from the axis of the 
cylinder. I t  is therefore reasonable to assume tha t  the contribution 
to the far zone scattered fields from any  swept over poles can be 
neglected since Qo and ~ are already assumed large compared to the 
wavelength. The integral can now be expressed by  

• e - i ~ R + ' ~  e-~ez~ T(fl cos a) d z 
J ~- e -t '~ e !'("+'')~ (2/Qo0)½~ - '  _ J  ~ ~ (10) 

If  the factor (1 --  {iz 2)-iT is expanded in a power series in Z 2 about  
Z = 0, the integrations can be carried out. Retaining only the first 
term, 

J~___e~(m+'Onet inE2~t  e -~R T(fl cos 0). (11) 

Employing this result, it finally follows that  
2 + o 0  + 0 0  

W~ ---~ Ce~"= e-iPR (zflReeo) ~- m=E-~. ,,=Ee~(m+'°=ei("~-"~°)R""(flc°s0)'(12)-~. 

2i V ~o -it 

+00 +00 

Z Z e t i ( ' '+ ' ) "  e i('q'-''q'°) R, . . ( f l  cos O) e -iaesi'°, (13) 

where 
C e-iP(e°z + ~°z) ! ff_o.o 

~o= (e~+~0) ! andz0=tQO 

I t  can be recognized tha t  ~0 o is the value of the incident field at 
(z = Zo) on the axis of the cylinder. This is the point of specular 
reflection from the viewpoint of geometrical optics. The form of the 
scattered fields for the case of plane wave incidence can be obtained 
directly. For  example, the pr imary excitation can be expressed as 

~PP = ~0 elPOc°s(q~-q'°)si'° e-iP'°c°s°, (14) 

where ~o o is the amplitude. Employing an addition theorem, this can 
be written 

+ 0 0  

~pe = ~0 0 e-iP~c°'° Z e !i'= J,,,(fle sin 0) e i''(~-~°). (15) 
t l l ~  - -oo 
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The scattered field is then given by 
+oo 

m m ~ o o  

+,: ,o 

ZR~,,(fl cos 0)e '( . . . .  )'H}, 2) (fie sin 0), (16) 

which in the far field, assumes the form 

=~ ~n 0 
+ ~  +oo 

• Y. Y. e ~'~'+'0" e i ° '* - '~° )  R. , , , ( f l  cos 0) e -ipe'i '° .  (17) 

It is now immediately apparent that the structure of the scattered 
fields for spherical wave and plane wave scattering are very similar. 
In fact on comparing equations (13) and (17), it is seen that the 
spherical wave scattering amplitude is [e0/(Q + ~0)] ½ times the 
plane wave scattering wave amplitude. It is noted that if ~0 >~ ~, 
the factor approaches unity. 

Received 1 l th  June,  1955. 
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