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wavelengths long and so we expect the gain to be low
at sufficiently low frequencies. We thus deduce a broad
gain maximum with respect to frequency, and that is
what is found.
A careful analysis gives the following asymptotic

expression valid for power gain of high-gain tubes with
low-loss circuits:

G = + exp (27rV3 CN) (1)

C (w/v)2P8VoJ (2)

Here N is the length of the helix in cycles. E, is the peak
axial field strength for a power P flowing in the helix, co
is radian frequency, and v is waves peed. Io and Vo

are the direct beam current and voltage. The
factor 1/9 occurs because the three forward waves
are excited with equal amplitudes by the voltage ap-
plied to the helix, each constituting one-third of the
applied voltage. Thus, the increasing wave starts out
with one-third the voltage ofLthe input wave, but soon
grows in amplitude far beyond the unattenuated wave,
the attenuated wave, and the input itself. The gain is
not greatly affected by moderate loss in the helix.
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Theory of the Beam-Type Traveling-Wave Tube*
J. R. PIERCEt, SENIOR MEMBER, I.R.E.

Summary-The small-signal theory of the beam traveling-wave
tube has been worked out. The equations predict three forward
waves, one increasing and two attenuated, and one backward wave
which is little affected by the electron stream. The waves are partly
electromagnetic and partly disturbance in the electron stream. The
dependence of the wave propagation coefficients on voltage, current,
circuit loss, and the other properties of the transmission mode which
propagates energy and the cut-off transmission modes is given. Ex-
pressions for gain and noise figure and an estimate of power out-
put are given. Appendix A gives an expression for the field in a uni-
form transmission system due to impressed current (as, of an elec-
tron stream) in terms of the parameters of the transmission modes.
Appendix B calculates the propagation constant and the field for
unit power flow for the gravest mode of a helical transmission sys-
tem.

GLOSSARY OF SYMBOLS
Meter-kilogram-second units are used.
Pjesides the symbols listed below, Io, Ko, Is, K1 are

modified Bessel functions as used by Schelkunoff.1
a =attenuation constant of the transmission sys-

tem (zero mode). In the absence of electrons,
the field of a forward wave varies as exp (-az)

,B=a phase constant related to the direct-current
electron beam velocity uo. ,B = w/uo

y=a radial propagation constant
72 =noise-reduction factor. (Section 5.5 only)
r = propagation constant. Wave quantities vary

with distance as exp (-rz)
* Decimal classification: R339.2 XR132. Original manuscript re-

ceived by the Institute, July 31, 1946; revised manuscript received,
December 2, 1946. Presented, New Haven Electron Tube Conference,
New Haven, Connecticut, June 27, 1946.

t Bell Telephone Laboratories, New York 14, N. Y.
1 S. A. Schelkunoff, 'Electromagnetic waves," (chapter III),

D. Van Nostrand Company, Inc., New York, N. Y., 1943.

r =propagation constant for the nth pair of modes
of the transmission system. Unforced forward
waves vary as exp (-FPaz), unforced backward
wave as exp (rFz)

ro =propagation constant of only mode not cut off.
Fo =jf+jh+a

-=an incremental propagation constant. For for-
ward waves, -r=-j3+S. For backward
waves, r=jf-a

f=dielectric constant of vacuum (8.85X10-12
farads per meter)

X= charge-to-mass ratio of the electron elm
(1.759 X 1011 coulomb per kilogram)

p-first-order alternating-current linear charge
density

Po=direct-current linear charge density in beam
n= twice the power in the nth mode when the

longitudinal field at the position of the beam
has a peak value of unity

c =radian frequency
a=radius of beam
A = negative of loss incurred initially in establishing

the increasing wave in the beam
A,, A2=constants of integration of an electromagnetic

field. (Section 6.2)
b =a parameter proportional to the difference be-

tween the direct-current beam velocity and the
velocity of the zero-mode wave of the transmis-
sion system

B = a factor related to the increase of the increasing
wave per wavelength

c = the velocity of light (3 X 108 meters per second)
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C=gain parameter
d=a parameter proportional to the attenuation

constant of the transmission system (O mode)
E =electric field acting on the beam in the direction

of propagation (the z direction)
Eo=value of E at the input (z=O)
EL= value of E at the output (z = L)
E= a computed field identified with a part of E in

Section 6.2
F= noise figure
G=gain in decibels
h =a parameter proportional to the difference be-

tween the direct-current beam velocity and the
natural velocity of the zero mode of the trans-
mission system

H= radio-frequency magnetomotive force
H(Qya) =a parameter related to cut-off modes

Io= direct-current beam current, a positive quantity
k=Boltzman's constant (1.37 X10-23 joule per de-

gree)
L =length of transmission system
ml = an admittance expressing the effect of all cut-off

modes
M =electron modulation coefficient or gap factor at

input end of transmission system
N=number of radio-frequency cycles taken by an

electron to traverse the transmission system in
the absence of signal (N=#L/27r)

PIZ= complex power carried by the nth transmission
mode

P =power carried by the 0 mode
P, =thermal noise power
q = first-order alternating electron convection cur-

rent
qn= mean-squared effective noise current
Q=parameter used in evaluating effect of cut-off

modes
r =radius vector in cylindrical co-ordinates
R = loss in decibels of transmission system in

absence of electrons
T= absolute temperature, degrees Kelvin. (Section

5.5)
T, T=field distribution coefficients of the electro-

magnetic field. (Section 6.) T1 applies inside
current sheet and T2 outside current sheet

uo = direct-current beam velocity
v = first-order alternating-current velocity

Vo =voltage specifying direct-current beam speed
(uo= 2Vo)

a VO =a small charge in Vo
x = a parameter giving real part of 8 and hence pro-

portional to gain per wavelength
y = a parameter proportional to the imaginary part

of 8 and hence to the difference between the
phase velocity and the direct-current electron
velocity

z=co-ordinate in the direction of propagation and
of electron flow.

INTRODUCTION

N THE beam type of traveling-wave tube, which is
described in more detail in a companion paper,2
an electron beam is shot along a circuit capable of

propagating a slow electromagnetic wave with an elec-
tric field in the direction of electron motion. The wave
has about the speed of the electrons in the beam. It
is found that a wave traveling in the direction of elec-
tron flow grows with distance along the circuit; thus,
when the end of the circuit near the electron source is
fed from a generator and the far end of the circuit is
connected to a load, the circuit and the electron stream
together constitute an amplifier.

This paper presents an analysis in which the opera-
tion of the traveling-wave tube is described in terms of
several possible combined space-charge and circuit
waves. The propagation of the individual waves can be
treated relatively simply, and the effects of varying
electron speed, circuit attenuation, and space charge can
be evaluated.3

In attempting to develop a wave analysis of the
traveling-wave tube, a number of courses might be fol-
lowed. For instance, assuming some simple circuit con-
figuration, a direct attack along the lines followed by
Hahn4 and Ramo5'6 is not out of the question. The ap-
proximations necessary in a solution of this kind would
be the neglect of thermal velocities and of the discrete
nature of the electron flow (which have little bearing on
anything except noise and focusing problems in tubes
with beam voltages above 1000), neglect of direct-cur-
rent space charge (the direct-current space charge is
presumed to be neutralized by positive ions) and
linearizing approximations (certainly valid for very
small signals). All of these approximations seem reason-
able.
Were we to carry out such an electron-wave analysis

of a tube with some particular type of circuit, we would
find it difficult to get an explicit solution predicting the
over-all performance. Hahn and Ramo encountered
this difficulty in treating a system with fewer parameters.
It is probable that approximations would have to be
made in using the solution to predict changes in per-
formance as various parameters were changed. Further,
it is likely that the important and physically dis-
tinguishable parameters would be so enmeshed in a
maze of mathematics as to obscure their significance.

Rather than attacking a particular case in this
fashion, the writer has chosen to formulate the prob-
lem in more general terms. In this manner certain

2 J. R. Pierce and L. M. Field, "Traveling-wave tubes," PROC.
I.R.E., pp. 108-1 11, this issue.

3 This analysis leads to the same results as that presented by J.
Hatton at the Fourth I.R.E. Electron Tube Conference at Yale
University, June 27, 1946. The analysis here presented covers effects
not treated by Hatton.

I W. C. Hahn, "Small signal theory of velocity-modulated
electron beams," Gen. El. Rev., vol. 42, pp. 258-270; June, 1939.

6 Simon Ramo "Space charge and field waves in an electron
beam," Phys. Rev., vol. 56, pp. 276-283; August, 1939.

86Simon Ramo, "The electron-wave theory of velocity-modu-
lation tubes," PROC. I.R.E., vol. 27, pp. 757-763; December, 1939.
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typical properties of traveling-wave amplifiers can be
worked out. The weakness of this approach is that it
does not provide a means for evaluating all of the
parameters in a special practical case. The effect of
various parameters of simple physical significance is,
however, apparent, and this is a help in making and in
evaluating the effect of some rather drastic approxima-
tions which appear to be necessary in simplifying the
theory to a reasonable degree.

1. INITIAL AsSUMPTIONS
The analysis which is presented here is a small-signal

analysis, in which cross products of alternating-cur-
rent quantities are neglected. When these cross products
are neglected, the electronic equations as well as the
circuit relations become linear and the solutions of the
equations will vary in the z direction (the direction of
wave propagation) as exp (fi -rz).
We will discuss cases in which either (a) the electron

beam encounters negligible transverse fields or (b) the
electron beam is constrained so that significant trans-
verse electron motion is impossible. We can easily think
of systems in which the conditions are approximated
reasonably well. A thin (but not infinitely thin)7 beam
of electrons down the center of a circuit producing an
axially symmetrical field will nearly satisfy (a), and
with a strong enough axial magnetic field (b) can be
realized. We will further initially limit our discussion
to beams in which the axial electric field can be as-
sumed to be the same over the cross section of the beam.
This can be nearly realized in the case of a thin central
beam in an axially symmetrical system or a hollow
cylindrical beam of larger diameter in an axially sym-
metrical system.
These assumptions of no transverse motion and of

constant axial field throughout the beam mean that we
have to deal with a one-dimensional problem. This con-
siderably simplifies both the circuit and the electronic
problems. The circuit problem is that of finding in
general terms the field acting on the beam in terms of
the driving current supplied by the beam. The elec-
tronic problem is that of finding the current in the
beam in terms of the field acting on the beam. Combin-
ing the solutions of the two problems, we will obtain
the over-all behavior of the device.

In the following attack on the circuit and electronic
problems we will be guided by a good deal of hindsight in
choosing significant parameters. This hindsight also
enables us to choose a wave type of solution which, as it
satisfies the equations involved and prov"ides enough
arbitrary constants to satisfy all boundary condi-
tions, must be the unique solution.

2. CIRCUIT THEORY
In attacking the circuit problem, we express the total

7 An infinitely thin beam would result in an infinite effect due to
cut-off modes (see Section 6.1).

field acting on the beam as a sum of the fields due to a
number of transmission modes. These modes occur in
pairs which, in the absence of impressed current, propa-
gate in opposite directions as exp (jwt +Frz). If the field
due to an impressed alternating correction current
q in the z direction can be expanded in terms of
such a series of normal modes, the expansion con-
verging, the z component of field, E, which acts along a
line parallel to the direction of propagation, may be
expressed8

E = qE rn
n 4Wn*(r2 - rn2) (1)

We assume throughout that all alternating-current
quantities vary as exp (jwt-rz). In (1) the excitation
of pairs of modes has been added. J6n is a constant refer-
ring to either of the nth pair of modes. The power flow
Pn for a field of intensity E is related to 1' by

2Pn
EE* (2)

We shall find ourselves concerned with systems in
which there is only one pair of modes with slightly
attenuated propagation, which we shall call the zero
modes, with parameters ±ro and ,6o, while all of the
other modes are "cut off" and do not propagate. For
these higher modes, rJ is almost wholly real and 4',,
almost wholly imaginary. Further, we shall find our-
selves concerned with values of r nearly equal to ro.
The small variations encountered in r will profoundly
alter the excitation of the propagating mode, for the
quantity r2-r appears in the denominator of the
expression for the excitation of this mode, but these
small fluctuations will affect the excitation of the other
nonpropagating modes very little indeed. Thus, we will
not be much in error if we regard the summation

rn

n An*(r2 - rn2)

over all modes except the zero mode as a constant. If
- r = - j + a (3)

where ,B is real and I «I <<A, then this constant will be
very nearly a pure imaginary, as An,, is very nearly a
pure imaginary, With this justification we will write,
excluding both zero modes,

n r j
, 4,*(p2 - r ,2) m6 (4)

Here f has been inserted to give ml the dimensions of
8 Expression (1) was given to the writer by S. A. Schelkunoff of

these Laboratories with no guarantees as to its range of applicability
or convergence. A rationalization of it in terms of more familiar con-
cepts will be found in Appendix A.
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