From Lorenz to Coulomb and other explicit gauge transformations

J. D. Jackson?®
Department of Physics and Lawrence Berkeley National Laboratory, University of California, Berkeley,
Berkeley, California 94720

(Received 12 April 2002; accepted 10 May 2002

The main purposes of this paper drgto illustrate explicitly by a number of examples the gauge
functions x(x,t) whose spatial and temporal derivatives transform one set of electromagnetic
potentials into another equivalent set; diglto show that, whatever propagation or nonpropagation
characteristics are exhibited by the potentials in a particular gauge, the electric and miigjdstic

are always the same and display the experimentally verified properties of causality and propagation
at the speed of light. The example of the transformation from the Lorenz destgeded solutions

for both scalar and vector potenjiab the Coulomb gaugénstantaneous, action-at-a-distance,
scalar potentialis treated in detail. A transparent expression is obtained for the vector potential in
the Coulomb gauge, with a finite nonlocality in time replacing the expected spatial nonlocality of the
transverse current. A class of gaugesgjauge is described in which the scalar potential propagates

at an arbitrary speed relative to the speed of light. The Lorenz and Coulomb gauges are special
cases of the v-gauge. The last examples of gauges and explicit gauge transformation functions are
the Hamiltonian or temporal gauge, the nonrelativistic Poinaarenultipolar gauge, and the
relativistic Fock—Schwinger gauge. @02 American Association of Physics Teachers.
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I. INTRODUCTION gauge transformations explicitly and to show explicitly that
S . _ potentials in those different gauges, though different in de-
The use of potentials in electromagnetism has a long hisgj|; always yield the same electric and magnetic fields.
tory. The tortuous path to an understanding that the vector aAs is described in the textbooks cited in Refs. 2—4, com-
e_md scala( p_otentials are not qnique and that different POteNson choices of gauge ar¥-A=0, called theCoulomb
tials describing the same physics are connected by somethi uge and the relativistically covariang,A*=0 (V-A

called a gauge transformation has been treated by Okun a " (1/c) (ad/at)=0), called theLorenz gaugé There are

me elsewheré.If a given situation in electromagnetism is -
many other gauges, but the textbooks rarely show explicitly

attributed to a scalar potentidi(x,t) and a vector potential the gauge functiony that transforms one gauge into another
A(x1), the physically meaningful and unique electric and In Sec. Il we review the form of the equations and the

magnetic fields=(x,t) andB(x,t) are determined from the solutions for the potentials in the Lorenz gauge. We also

potentials according to exhibit the corresponding equations in the Coulomb gauge,
1 dA(X,t) focusing on the nonlocality of the source for the vector po-
ExD)==-Vo(x - - ——, tential. The direct solution is deferred to Sec. IV. In Sec. IlI
B (1.1) the gauge functioq(x,t) to go from the Lorenz gauge to the
B(x,t) =V XA(x,t). Coulomb gauge is constructed and used to calculate the
Here we are using Gaussian units and considering phenonfoulomb-gauge vector potential. The resu®10 and
ena in vacuum or as microscopic fields with localized(3-16 or (3.17), are surprisingly explicit and compact, with
sources. The expressiolis.1) are constituted so that they ©nly one time integral over a finite range of the source’s time
satisfy the homogeneous Maxwell equations automaticallyt’ (t—R/c<t’<t), replacing the spatial nonlocality of the
Because the gradient of a scalar function has zero curl, it isource with a temporal nonlocality. We return to the original
clear that the magnetic field is unchanged if we adé tihe  equation for the Coulomb-gauge vector potential in Sec. IV
gradient of a scalar function. Of course, such an additioraind show that its straightforward solution can be transformed
changes the expression for the electric field. We must therénto that obtained in Sec. Ill more directly and simply
fore modify the scalar potential, too. These changes aréwough the gauge function.
called agauge transformationSpecifically, we have new In Sec. V we derive the electric and magndteldsfrom
potentials,®’ (x,t) and A’ (x,t), the Coulomb-gauge potentials and show that they are the
, _ well-known expressions, causal and propagating with speed
ATXD=AXD VXX, ¢, despite the instantaneous nature of the scalar potential.
1 ax(x,t) 12 This ground has been traveled before in this journal by Birill
ey and Goodmahand recently by RohrlichThere is also Prob-
lem 6.20 in my book. Our discussion here is different and |
where the scalar functiog(x,t) is called thegauge function  think more transparent because of the form of our solution
The potentialsA’ (x,t), ®'(x,t) are fully equivalent to the for A;. Some aspects of Brill and Goodman come close. In
original setA(x,t), ®(x,t), yielding thesameelectric and Sec. VI we discuss briefly the quasistatic limit of the vector
magnetic fields, but satisfying different dynamical equationspotential in the Coulomb gauge and its use to obtain a La-
The chief purposes of this paper are to demonstrate songrangian for the interaction of charged particles that is cor-

D' (x,t)=D(x,t)
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rect to order 1¢? in the velocities. Section VIl is devoted to 1

a class of gauges we call the velocity gaugegauge in q)c(X,t)Zf d3x’§p(x’,t). (2.6)
which the scalar potential propagates withaathitrary speed . o _ .

v. The Lorenz and Coulomb gauges are ||m|t|ng cases, This SQ'U_'[IOH IS Ca”8d the |nsta_ntaneous sqalar potentlal be-
—c and v=1», respectively. The gauge function and the po-Cause it is a solution of the Poisson equation without retar-

tentials are determined, as are the electromagnetic figids ~ dation. On the other hand, the equation for the vector poten-
same as always tial is more complicated:

The Hamiltonian or temporal gauge, with its vanishing 1 9?Ac At 1 _ od¢
scalar potential, is treated in Sec. VIII, while Sec. IX de- VZAC——Z—T=——<J—4— —)
scribes the nonrelativistic and relativistic gauges that go un- ¢ ¢ ™ A

der the names of Poincareultipolar, Fock, or Schwinger. The effective current on the right-hand side is known as the
The gauge functions are exhibited as well as the potentialdransverse current. It has zero divergence. Recall that any
For the nonrelativistic case the interaction Lagrangian in thevector field can be decomposed into a sum of a longitudinal
multipolar gauge is described. Finally, a summary is given inor irrotational part(with zero cur) and a transverse or sole-
Sec. X. An appendix presents the Lorenz-to-Coulomb gaugaoidal part(with zero divergence We can write the total
function in terms of the current density rather than the chargeurrent to show explicitly the two parfs:

density and finds its quasistatic limit. I=3,43,

[I. POTENTIALS IN THE LORENZ GAUGE AND with
SOURCES FOR THE COULOMB GAUGE

2.7)

1 1
— 3y . ’
Traditionally, the solutions for the potentials are presented I 4’7TVJ d™x R Vi
first in the Lorenz gaug®.One generally begins with the 1 1
relations(1.1) substituted into the inhomogeneous Maxwell _ _Vf RE ’—ip(x’ t)
equations to give two coupled partial differential equations, 4 R at o

V2q>+1‘9 V-A)=—4 2.1 —1V>< VX d3’1 ! 28
EE( A)=—4mp, 2.1 h=7- f xﬁ\](x 1.

=— TJ- (220 second term in2.7) The source term on the right-hand side
in (2.7) is thereforeJ;. A vector potential can be decom-

The freedom implied by1.2) means that we may chodse posed in the same way as the current. We write
(among other choicego set

VA- = V-A+——

1 A V( 1 &(I)) 4 Note that the second form & is just the negative of the
c? g2 c ot

190 A=VV¥, A=VXV. (2.9
V-A EWIO (2.33 For the Coulomb-gauge vector potential, the auxiliary
functions¥ andV satisfy inhomogeneous wave equations,
or vop 1 Pv 1Jd3' i
V-A=0. (2.3b 22 R 7t PX,
The first choice, called the Lorenz gauge, leads to the decou- 1 2V 1 1 (2.10
pled wave equations, V- &= _fo d3x'= J(x',1).
1 2 ce dat c R
V2, — > TzL =—4mp, Because the source terms are nonlocal in space, the retarded
solutions ostensibly involve two three-dimensional spatial
1 A, At (2.4 integrals. In the next section, we find the gauge funcfjon
Ry R ?J, that takes us from the Lorenz gauge to the Coulomb gauge.
We show that in fact the solution in the Coulomb gauge
with so-called retarded solutions, needs only one three-dimensional spatial integration plus a
1 time integration over a finite intervghonlocality in time.
(DL(th):f d*x'5 [p(X',t' =t—R/c)], That the two forms of the solution are equal is demonstrated
R in Sec. IV.
1 1 (2.5
AL(x,t)= EJ d3x’§[J(x’,t’=t—R/c)]. Ill. GAUGE FUNCTION FOR TRANSFORMATION

FROM THE LORENZ TO THE COULOMB
HereR=|x—x’|. The timet’ =t—R/c is called the retarded GAUGE, VECTOR POTENTIAL IN COULOMB
time. GAUGE
An alternative is to choose the second relation(2r3),
V:-A=0. This choice, called the Coulomb or radiation or
transverse gauge, makes the equation for the scalar potentialTo find the gauge functiogc we focus on the two scalar

A. Gauge function in terms of the charge density

simple, namely, potentials. The scalar potential in the Lorenz gauge is
V2P .=—4mp ., 1
with the solution, q)L(X’t)_J AN (X U =t=R/c). @)
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In the Coulomb gauge the instantaneous scalar potenti@. Vector potential in Coulomb gauge

reads

CIJC(x,t)=f d3x’%p(x’,t). (3.2

Equation(1.2) tells us that the partial time derivative of
the gauge functiory¢ that transforms the Lorenz scalar po-

tential into the Coulomb scalar potential is

1 8)(0
rrTa D (X,1)—Dc(x,1)

=f d3x’%[p(x’,t’=t—R/C)—p(x’,t)]. (3.3

We integrate both sides with respectdbto obtain

t—R/c
f dt’ p(x',t")
t

0

1
— 3y
Xc(X,t) CJ d R

t
— [ dt’ p(x',t")
to

This can be written more compactly as

1 (t—Ric
XC(X1t):CJ d ’ﬁft dt’ p(x",t' )+ xo. (3.9

If we change variables by writing =t— 7, then we have

1 (Rlc
)(C(X,t)z—cf d® ,ﬁfo drp(X',t—=7)+x9. (3.6

A somewhat more compact form is

1
Xc:_f d3x’f d\ p(X',t—=\R/C) + xo. 3.7)
0

[In constructing the vector potential the first for(8.6) is
actually easier to uspEquation(3.6) or (3.7) is an explicit

expression for the gauge functign in terms of the charge
density. The integration terrg, is a priori a function ofx,

but not of time. In fact, it is at most a constant, as can be seen

as follows. The requirement th&-A-=0 leads to a wave
equation foryc,

1 (?ZXC 1 (“7(13 C

2 _ A~ _
XCT 272 T ¢ at

(3.9

The term involving the charge density (8.6) is the par-
ticular integral of this equation. The teryy represents the

addition of a solution to the homogeneous equation. But sucR
a solution can consist only of plane waves, with time depen

dence. A time-independeny,, evidently a solution of the

Laplace equation, can at most be a constant if we demanf®
finiteness at infinity. In passing, we note the closeness of

(3.9) to Eq.(2.10 for the auxiliary function¥. In Sec. IV we
show how to get fron(3.8) or (2.10 to the form(3.6).

Characteristically(3.6) contains values of the charge den-

sity at all times from the retarded tima-{R/c) to the
present timeé. An equivalent expression fofc involving the
current densityd(x’,t— 7) is derived in the Appendix.
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Because we know the scalar potential in the Coulomb
gauge(3.2) all that remains is to add the gradient(8t6) to
the vector potential frong2.5) to find the vector potential in
this gauge. The gradient ¢8.6) is

1 (Rlc
VXc:_Cf d3X’V(§f )drp(x',t—r).
0

The parentheses show the terms that are to be differentiated
by the gradient operator. The result of the operation is

R
ch=f d3x’(—§p(x’,t—R/c)

cﬁ R/c

+? . dTp(X',t—T)). (3.9

Addition of (3.9) to (2.5 yields the Coulomb-gauge vector
potential:

1 o
ﬁ[‘](x,ut,)_CRP(X,-t,)]ret

1 3y
Ac(x,t)=6f d°x

Czﬁ R/c
+?f drp(X',t—17) .
0

(3.10

Here we have utilized the abbreviation ret to indicate that the
quantity inside the square brackets is to be evaluated at the
retarded time’' =t—R/c. The first part of the vector poten-
tial is a standard retarded form. The additional time integral
over all timest’ fromt’'=t—R/c tot’ =t is the price we pay
for having the simple instantaneous scalar potential. The
price is, however, lower than appeared initially from the spa-
tial nonlocality of the sources. We show in Sec. V how the
fields calculated from the potentials in the Coulomb gauge
are the same as those found from the Lorenz g&age any
other gaugg fully obeying causality and a finite speed of
propagation.

An alternative expression for the Coulomb-gauge vector
potential, totally in terms of the current density, can be ob-
tained as follows. The two terms {8.9) can be combined by
an integration by parts:

. R (Ric 9
VXC__CJ dx R, dTTE_p(X Jt=7). (3.11
With dpldt=—dpldr, we can use the continuity equation
for charge and current densities to wri811) in terms of the

divergence of the current density:

o[ e R L3(x f—
Vxc c|d R? dr 7V’ JI(x',t—17). (3.12
0

An integration by parts throws the gradient oper&drover
onto the factors oR. Then withV'f(R,R)=—-Vf(R,R),
find

Vxc=—c| d*'—| = /Cd Ji (X' t—17)
X Xk 2 0 T TIK , T)|.
(3.13

The differentiation acts only on tHe-dependence. The com-
ponents of] are fixed. For clarity consider thgh compo-
nent of the gradient. We need
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d R 1 o A 5 find the transvers€Coulomb-gaugevector potential.

T R (i 3Ri(RI) + ?Jjﬁ( (R). (3.19 We proceed by interchanging the orders of integration in
K (4.1), We need the familiar coordinafe=x—x'=R’'+R".

The delta function term is analogous to that appearing in thqhen we havd&”=|R—R’|. As we interchange the orders of

electric field of a point dipolé® Because it appears under the integration we also shift the origin so thafx”—d°R’.
integral sign and correspondsfs=0 it does not contribute. Then we have

The other term we need is
1 d

1 1
1. . \If(x,t)=—fd3x’jd3R’—,—, =7
dr =g RIRIX )] (319 amc R"|R'=R]| ot
Xp(x",t—=R'[c). (4.2

IAQJ. J R/c
R? 9% Jo

If we insert(3.14 and(3.15 into (3.13 and add to(2.5 ) . ]
we find an alternative form for the Coulomb-gauge vector We observe that in the angular part of &R’ integration

potential entirely in terms od: the charge density factor is constant, only depending on the
1 1 magnitude ofR’. The inverse distance |R’—R| can be
AC:EJ’ d3x’§[J(x’,t’)—Iili-.l(x’,t’)]rel expanded in spherical harmonics,

® |

1 (R ! > —,—r< P/(R-R")
Ric L — = R,
+cf d3x'§gJ dr 73RR-J(x',t—7) [R'=R| o rl
0
) The variabler-. (r.) is the largerismalley of R’ andR. In
—J(xX', t=7)]. (3.1 the integration over angles & only thel =0 term survives.

The first line is the contribution from the retarded and IocaIIyThUS(4-2) becomes

transverse current. It is the only term that survives in the " 1 9
iati i i ith i 3y ' D/ ’ '

radiation zone ofa Iocal_lzed_source. The s_,econd line, with its W (x,t)= _f d3x f dR' R'— — p(x',t—R'/c).

more rapid decrease with distance, contributes to the poten- 0 r- JdR

tial in the so-called near and intermediate zones. (4.3
It turns out that the rather cumbersoi(®16) can be writ-

ten compactly as a cuffs it must—sed2.9): Here we have used the fact that far fixed dp/dt

=—c(dp/dR"). The integral overdR’ is broken into two
RXJ(X’,t—T)) parts:

R/c
Ac(x,t =—cV><f d3x’f d (
C( ) o TT R? fde’ . 1 9 B 1 fRdR’ R/ dp —‘,—J’wdR’ ap
(3.1 o R RPTR N GRTT RN RT

Either this compact form or the more expli€&.16) together

with the instantaneous scalar potenti@l2), repeated here, Ntégration by parts on the first term leads to

1 =1
cpc(x,t)zf = p(x',), (3.2 JO dR'R R P
are the electromagnetic potentials in the Coulomb gauge. 1 R R , )
Equation(3.16) is particularly useful in discussing the qua- = ﬁ( (R'plo— JO dR" p(x",t—=R /C)>
sistatic limit—see Sec. VI. In passing we note that the path
from (3.11) to (3.17) can be replaced by analogous steps that + lim p(x",t—7)—p(x',t—R/C).
begin with the current density form ofc, Eq. (A4). T
The first term in the large parentheses is canceled by the

IV. DIRECT SOLUTION OF THE WAVE EQUATION last term in the second line. The first term in the second line
FOR THE VECTOR POTENTIAL IN THE is the charge density at a remote time in the past. Its volume
COULOMB GAUGE integral in(4.3) is equal to the total charg®, assumed con-

In Sec. lll we obtained the Coulomb-gauge vector poten—Stam' If we replacelR’ with cd7, (4.3 becomes

tial by constructing the gauge function,. Now we solve Cc (Rlc
the wave equation€.10 for the auxiliary functions¥ and W(X,t)=f d? 'ﬁf drp(x',t—7)—-Q. (4.4
V. The retarded solution fo¥ is evidently 0
1 o1 L1 As was hint_ed at below3.8), comparison of4.4) with the
\[f(x,t)_mf d3x W[I d ﬁﬁp(x 1) N gauge functior(3.6) shows that
(4.1 W(X,1)=xo— Q—xc(X1). (4.5

Here R’ =x—x", while R"=x"—x' and ret meang’=t Since the longitudinal vector potential s5=VW¥=—-V y¢
—R'/c (NOT t' =t—R"/c). The somewhat peculiar choice and the Coulomb-gauge vector potential is the transverse
of primes is with malice aforethought. Our plan of action is vVector potential, we find

to find & as an integral over three spatial dimensions and one _ _

time dimension, asgim3.17) for exanr')lple, then take its gra- Ac=AL-A=ALt Vxe. 4.6
dient as in(2.9) to find the longitudinal vector potential, and We have thus shown that the straightforward solution of the
subtract that from the Lorenz-gauge vector poterifidh) to  wave equation$2.10 leads to the same result as found in
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Sec. Il by means ofyc. The explicit construction of the
Coulomb-gauge vector potential in the fo@116) or (3.17)
can also be found by solving the second equatioRid0
for V, although more work is required.

V. ELECTRIC AND MAGNETIC FIELDS FROM THE
COULOMB-GAUGE POTENTIALS

A. Fields obtained from the Coulomb-gauge potentials

It seems necessary from time to time to show that the

electric and magnetifieldsare independent of the choice of

gauge for the potentials. In particular, the Coulomb gauge,

with its instantaneous scalar potential, seems to contradi
the ingrained truth that all electromagnetic fields in vacuum

Et—fd3’Ii t+é(9 Y
. J(x! t’)} (5.2
— === J(X, .
R (9 ret
The magnetic field can similarly be found to be
B — 1fd3 ’ 1 J(x' t’
(X't)_E X' =2 (x',t")
+— J(x t)} XR. (5.3

cR at’

ret

CIthe terms inA¢ (5.1) involving the charge density are pro-

propagate with the speed of light. In this section we focus orPortional toR times scalar functions and so have zero curl
that troublesome gauge, taking as our starting point the pcand do not contribute t8.

tentials(3.2) and(3.9),

1 3 1 .
Ac(xt)= ¢ f 0| 2L30¢.1)~CRp(K )

Czﬁ R/c

+? dTp(X’,t—T)),

(5.1
D(x,t)= f dBX’%p(X' ).

The electric field isSE= -V ®.—(1/c)(dAc/dt). Consider
the time derivative of the vector potential,

(x’,t’)}

_ 3y
c o7tAC(X t)= —zfd

—cR—
(?t’p

ret

CZIQ R/c

Jd
—? dTE_p(X ,t—T)).

Here we have used the fact that we can move the time deri-

vation through the retarded bracKetand that d/4t
—dldr. The last term can be integrated trivially to give

Ac(xt) ——fd?’ ’ at,J(x ')

S coat
80 o c’R
T

|

The first three terms here are retarded contributions to th

ret

c?R

+ ?P(X’,t)

electric field. The last term is an instantaneous contribution
A moment’s thought shows that it is the positive gradient of

the scalar potential ir{5.1). This piece is the part of the

Coulomb-gauge vector potential that cancels the instanta-

Equations(5.2 and (5.3 are the Jefimenko expressions
for the electromagnetic field$.They are normally evaluated
from the Lorenz-gauge potentials, but we see that the
Coulomb-gauge potentials serve just as well. And any other
gauge, too. They only involve retarded expressions despite
the presence of other terms in the potentials. Given the com-
pletely general results in Sec. | about gauge transformations
and different gauges being equivalent, it could hardly be oth-
erwise. Nonetheless it is satisfying to see explicitly how it
comes about.

B. Harmonic time dependence

Another instructive way to see how the Coulomb-gauge
potentials conspire to produce properly retarded fields is to
consider harmonic time dependence. Then the integral over
time in (5.1) can be done explicitly. We assumsx,t)
=p(x)e ", J(x,t)=J(x)e '“!. Then the vector potential

in (5.1) becomes
eikR ~
fd3X’<?[J(X’)—CRp(X’)]
(o)
0

Herek= w/c. After doing the time integral we have

forf

R
(1-ikR)e'kR—1
ikR

—iwt

Ac(X,t) =

c2R

+ ?p(xr (5.9

—iwt ikR

! Cﬁ I
I+ = p(X')

)

%quation (5.5 can be separated into its instantaneous and
retarded parts:

Ac(X,t) =

(5.5

Ac(x,t)=AR(x,t) +AlS(x,t),

neous piece of the electric field from the scalar potential. The

net result for the electric field is

921 Am. J. Phys., Vol. 70, No. 9, September 2002
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t g iot elkR never wrote down or use¢b.1). We contact Helmholtz's
AZ(x,t)= S f d? ’? J(x") work again in Sec. VII.
cR (1-ikR) B. Heaviside-Darwin Lagrangian

"R p(x') ikR |’ In the Coulomb gauge the exact scalar potential is the
it A (5.6) instantaneous Coulomb potential. The Coulomb gauge is
Ice 43 R therefore very convenient in the treatment of interacting

1) X R2F (x7). charged particles by Lagrangian methods where all particles
have a common time. To include velocity-dependent effects,
the vector potentials of the moving charges must enter. To

'We inclusive order of &2 effects, however, one can neglect

AL (x,t) =

The overall factor o’*R in the integrand of the first equa-
tion guarantees the retarded behavior. Now consider the co

tribution of Athe instantaneous part to the electric field, retardation because theA/c terms in the Lagrangian are
1 A% i R already of order 1?; retardation corrections contribute only
Bl ¢ f d=x @P(X ) to higher order in 1. The vector potentigl6.1) can be used.
Consider the interaction of two point charged particles
with chargesg, g’ and coordinates and velocities v, and
X', v'. Letr=x—x’" andr=|x—x'|. Then the vector poten-
The instantaneous contribution to the electric field is there!2l Saused by charge’, evaluated at the position of charge
fore a. 1S
inst
1dAc Al (xt)= Zq—[v’ +F(Fv)]. (6.2

. 1
=+e oty J d3x’§p(x’)=V®C. (5.7

!

The vector potential of chargg evaluated at the position of
g’ has the same form, with the interchange of primed and

as is the harmonic magnetic field. We see again how th nprimed quantities. The scalar products of these vector po-

scalar and vector potentials conspire to give the corredenals with the other particle’s velocity times charge are
causal behavior with propagation at speed evidently the same and one half their sum is equal to one

term. Together with the instantaneous Coulomb interaction,
the interaction Lagrangian, correct to ordec?lihclusive, is

The harmonic version of the retarded electric fighd?) is
therefore given entirely by the retarded paf' from (5.6),

V1. QUASISTATIC LIMIT OF THE COULOMB- thus
GAUGE VECTOR POTENTIAL AND THE DARWIN qq’ 1 , . ,
LAGRANGIAN Line=— - ° Z[QV'A (x,0)+q'v'-A(x",1)]

A. The quasistatic vector potential in Coulomb gauge _a9 — 1+ %(V'V' +(F-v)(F-v'))|. 6.3

The quasistatic limit is defined as the neglect of retarda:l_h. int tion L L lled the Darwin L .
tion. For the Lorenz gauge potentidl®.5 the structure is IS interaction Lagrangian IS called the arwin Lagrangian,

C. G. Darwin who derived it in 1920 by expansion of
unchanged, one merely replaces the retarded source terms g&er b ' ; . ; .

: ’ & e Lienard-Wiechert potentiafS although it was derived in
their values at the prese(mbse_rve_r$ time t. In the_ Co_u- . _effect by Oliver Heaviside in 188%. It has uses in plasma
lomb gauge, the scalar potential is already quasistatic, i.e

: physics and in quantum mechani@s the basis for the so-
instantaneous. For the vector potential1§ or (3.17) we called Breit interaction of two electrons in atoms

merely replace the current density accordingl{a’,t—7) If higher order terms beyon¢b.3) are desired, one may
—J(x',t) and perform the trivial time integral to find from aypand the current densities @.16) in Taylor series around
either expression the quasistatic vector potential in the Cou —{ These terms will contain the particles’ accelerations
lomb gauge, and higher derivatives with respect to time. To get a conven-
1 1 A tional Lagrangian it will then be necessary to use lower order
chs=%j d3x'§[J(x’,t)+ R(R-J(x',1))]. (6.1)  equations of motion to eliminate terms beyond the velocities.

Itis of interest to note that, as described in the second sectio||. GAUGE FUNCTION AND POTENTIALS FOR
of the Appendix, this form of the vector potential was first T4 VELOCITY GAUGE

written down in 1870 by Helmholtz in his discussion of the

equivalence of the so-called Neumann and Weber forms for The Lorenz gauge and the Coulomb gauge are in some
the vector potential’ He obtained the quasistatic function sense the extremes in behavior of the scalar potential. In the
(A5) whose gradient transformed the Lorenz gauge vectoformer the effects of a source point propagate with the speed
potential to this quasistatic Coulomb-gauge vector potentialg; in the latter the propagation is at infinite speed. But there
the arithmetic average of the Neumann and Weber forms aé no reason for a restriction to such limiting cases. We define
the vector potential, although he of course did not use any othe velocity gauggv-gauge for short and actually a class of
the language of gauges and gauge transformations. As digauge$to be one in which the speed of propagation for the
cussed in Ref. 1, Helmholtz somewhat inaccurately says thajcalar potential is;, an arbitrary speedrelative toc. The

(6.1) leads to Maxwell's theory becau¥8Ac=0 holds here velocity gauge has been discussed in classical electrodynam-
andV-A=0 was invariably Maxwell’s choice. But Maxwell ics by Yang™ Brown and Crother$? and Drury!’ and in
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quantum electrodynamics by Baxtérwith the names This result generalizes the Coulomb-gaugel6). With v

a-Lorentz gaugé? "’ and velocity gauge! Brown and  —c the extra terms vanish, leaving the Lorenz gauge poten-
Crothers are most explicit; Drury discusses the equations bufg| For y—so we recover(3.16). Our result(7.7) can be
does not solve them. i shown with only a small amount of work to be the same as
The gauge condition for such a gauge generalizes those @hat of Brown and Crother®.
(2.3), namely, For completeness we record the form of the v-gauge vec-
100, c2 tor potential obtained directly fron{7.5), the analog of
V-A, + ac =0, a= 2 (7.)  (3.10 in the Coulomb gauge,

The wave equation satisfied by the scalar potential is just A(x 1) = EJ d3xri
(2.4) with c? replaced byv?. The wave equation foA, is et e R
(2.7) with a factor of (1- ¢/ »?) multiplying the gradient of )

the time derivative of the scalar potential. For ease of con- + C_Qp(xf’t_ R/v)
ception we envisionv>c, although such a limitation is not v

real, as the formulas below show.

[I(X',t")— Cﬁp(x' ) Jret

2
c‘R [Ric

A. Gauge function to go from Lorenz gauge to velocity + R Jn, drp(x',t— T))- (7.9
gauge

. ) Here ret has the same meaning as3rl0.
The construction of the necessary gauge function exactly

parallels that of Sec. Ill. The scalar potential in the v-gaugeC. Fields derived from v-gauge potentials

IS To hammer home the message that the electromagnetic
1 fields are properly retarded regardless of the gauge of the
D, (x,t)= J’ d3x’§p(x’,t— R/v). (7.2 potentials, we repeat the exercise of Sec. V with the v-gauge
potentials (7.2 and (7.8). The negative gradient of the
This means that the time derivative of the gauge function to/-gauge scalar potential is
go from the Lorenz gauge to the v-gauge is

IXy
at

1|R .9
1 —V@V:foﬁ e —p(X’,t’)+R—p(X',t')}
=cf d3x’§[p(x’,t—R/c)—p(x',t—R/v)]. (7.9 RIR vt

ret(v)
(7.9

But we can write the square bracket as . .
g The subscript ret{) means retarded with speed Corre-

, , (R, 9 , spondingly, ret¢) means retardation at the speed of light.
[p(X",t=R/c)—p(X",t=R/v)]= fR,V dr oo p(x'.t=1). The v-gauge vector potential contribution to the electric field
(749 IS
. ' d 1 dJ(x',t")
With the same steps as fro8.5) to (3.6), we find _ :f Nl N A S
1 rre cat () ™' c?ot
— 3y oy
XV(X,t) Cf d°x R fR/VdTp(X gt=17). (75) +I§é,p(xr7t/)} P ﬁp(X’,t’)}
cat ret(c) vit ret(v)

as the generalization @8.6 10

i R R/Cd dp(xX' t—17)
B. Vector potential in the v-gauge R8T )

In a series of steps completely analogous to those goin

from above(3.9) to (3.12, we find the gradient of, to be 9\/ith dplot=—dpldt in the integral, after integration the

vector potential contribution becomes

|AQ R/c
= 3y rJ(x t— 0 1 AJ(x't") L ap(x',t’
Vo, (x,1) cfd xﬁzf%d”v I t— 7). —aAy(x,t):foP 'ﬁ( - E:Z&t ) p(wt )
(7.6)
(7.6) generalizeq3.12). Again paralleling the development R
from (3.12 to (3.16), we obtain the vector potential in the + ﬁp(x',t')
v-gauge as ret(c)
A t—lfd?"lJ ' t—R/c)—RR-J(X' ,t—R/ i )+ RS (7.10
V(Xv )_E X ﬁ (X 1 C) ° (X 1 C) Rp(x ’ ) V(?t rEt(V) . .

2

C° . We see that the second line {i@.10, an expression with
+ 2 RR-J(x',t—R/v)

retardation at the arbitrary speegdjust cancels the similarly
retarded contribution from the scalar potential9), leaving

5, 1 [Re R , the electric fieldE equal to the normally retarded result,
+Cf d R Jn d7 7(3RR-J(X',t—17) (5.2). The magnetic field (5.3 follows directly from(7.8)
’ with only the current density term contributing to the curl.
—J(x',t—1)). (7.77  We emphasize that tHeeldsare causal at spe@ddespite the
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arbitrary propagation behavior of the v-gauge potentiatel

R t-t
true whether>c or v<c). Vxr= —fd3 ‘B

c
p(X’,t—R/C)-I——f Od7'p(X’,'[—7')
R R/c
D. Quasistatic limit of the v-gauge vector potential (8.9

In the quasistatic limit retardation is neglected. The timelf we add(8.4) to the Lorenz-gauge vector potential we ob-
integration in(7.7) can be done. The result is tain the vector potential in the temporal gauge to be

1 111 1 1 ~
AT(x,) = = f ¢ |51+ @)X ,D Ar(xt)= < J o ’§|U(x',t')—cRp(x',t’)]ret
1 ~ o~ S o
+5(1-a)RRJI(X" )|, (7.1D _C%R t tOdTp(X',t—T) . (8.9
R/c

_ 2 2 . . y . _
}/i\lgr?rseot[v;ece r/1 meﬂiﬁ?;ﬂﬂ?ﬁ dlswgilgr}glrtéé g‘fti:w%o?uasil-t takes but a few lines to show that the negative time de-
static vector potential. It represents a restricted class of di [lya?_vle of (8.5) divided b3|'C %'Ves the faml',l.'alr retard;:d elec-
ferent gauges. The Coulomb-gauge res6lil) comes from tric field (5.2 and its curl, the magnetic fiels.3. The ap-
a=0—seg(7.1). Note that with the neglect of retardation the parent dependence pn{to') cancels out. .
scalar potential(7.2) is independent ofv and is just the To obtain a result |nvo|_vmg less of the cha_rge density ?‘”_d
Coulomb-gauge scalar potential for al more of the current density, we can proceed just as we did in

Because(7.1) and (7.11), as well as the gauge function going from(3_.9) to (3.1D. An integration by parts in8.4)
(A5), were obtained in 1870 for quasistatic fields by HeIm-tr"ijformS itinto

holtz, we should perhaps re-christen the v-gauge as the R
Helmholtz gauge or class of gauges. VXT:J d3x’ﬁ —c(t—tg)p(X',tp)
E. Technical remark t—tg ap(x' t—17)
. . . +c drr——|. (8.6)
There is a technical point here. Our development of the Rlc ar

v-gauge potentials is based on an arbitrary speed of propgyge of the continuity equation for charge and current as done
gation for the scalar potential, either slower or faster than the, going from(3.11) to (3.16—only the limits of integration
speed of light, but did not envision amaginary spfaedThat are different—and the addition of the Lorenz-gauge vector
is what happens for a negative=c®/»*. Weber's vector potential leads to an alternative expression for the temporal-
potential requiresr= —1. Happily, one can show that there gauge vector potential,

are no problems in the quasistatic limit. But detailed consid- 1 1

eration of this regime, with its exponentially growing or de- :_J 31— Py BBy 11T e

caying instead of propagating solutions, would take us too A c d™x R[J(X )= RRIOCE) Jrer— St~ to)

far afield to pursue further here. Baxtépoints out thaty

must be real in quantum electrodynam{@ED), but a nega- 3us R , 3, 1 [t
tive v is permitted. X | dX'zzp(Xto) =€ | dX' g He dr
VIIl. HAMILTONIAN OR TEMPORAL GAUGE X qBRR-J(X',t—7) = J(X',t=7)]. 8.7

This form of the vector potential is closely similar to the
oulomb-gauge resu(B.16. The absence of the scalar po-
ential in this gauge is compensated for by the explicit time

dependence ont {-ty). Note that for electrostatics, with its
vanishing current density and its time-independent charge
density, it is the second integral with its coefficientc(t
—1t,) that gives the electrostatic electric field.

The Hamiltonian or temporal gauge is one in which the
scalar potential is identically zero. In this case the gaug
function to transform from the Lorenz gauge to the tempora
gauge has a simple time derivatiifieom (1.2)]

1 dxr(xt)

1
— — 3y’ oy
e AL %) fd =p(X' t=Ric). (8.1

Just as in Sec. lll we integrate both sides with respect to
obtain }
IX. POINCARE -MULTIPOLAR-FOCK —-SCHWINGER

1 (t—-R/c
XT(X,t):CJ d3x’§f dt’ p(x',t"). (8.2 GAUGE
to

A choice of gauge that goes by the names Poingatege,
multipolar gauge, Fock—Schwinger gaugad other names,
p['00) finds uses for studying atoms and molecules interacting
with external electromagnetic fiefds? and also in quantum
field theory?®?* Actually, there are two closely related
1 (t-tg gauges, one constraining the vector potential according to
XT(X,t)ZCJ d? 'ﬁf drp(X',t—1). (8.3 x-A=0, usually associated with the name multipolar or Poin-
Rie caregauge, and the other its relativistic four-vector generali-
With no scalar potential, all that remains is to calculate thezation, x,A*=0, usually but not always called the Fock—
gradient ofy: Schwinger or sometimes the Poincgiauge.

Here, in contrast to earlier sections, the lower litgitre-
mains. As we see below, its presence is crucial for a descri
tion of electrostaticsin terms of the vector potential alone.
Then as before we change variable froito 7=t—t’ to get

924 Am. J. Phys., Vol. 70, No. 9, September 2002 J. D. Jackson 924



A. Nonrelativistic Poincaré or multipolar gauge It should not come as a surprise that the scalar potential in

The mulitpolar gauge has been discussed in this journal b;{he multipolar gauge can be expressed in_terms of the electric
Kobe? Britin, Rodman Smythe. and Wy, and leld. The steps are as follows. The multipolar-gauge scalar

Skagerstam’ Our discussion is therefore mostly brief and potential is

derivative. The constraint-A,(X,t) =0 can be cast in a use- 1 dxm
ful form, Py=C-c—
1
f dux-Ay(ux,t)=0. (9.7 B fl X d 10
0 =P + 0duC atA(ux,t) c ﬁtXM(O’t)' (9.9

The integration can be thought of as going along the straight o S
radial line from the origin to the point. With A the vector ~ With the definition of the electric field in terms &f and ®

potential in some reference gauge, the relatisg=A  the integral can be written so that
+Vxm applied to the potentials and gauge function with 1
coordinateux, (9.1) implies that Dy=Dd(x,t)— fo du[ x-E(ux,t) + XV, P (ux,t)]

1 1
0=f dUX'A(UX,t)-I—f dux-Vym(ux,t). (9.2 19
0 0 — < 7m0,

Introducing spherical coordinatgg=(r, 0, )], (9.2) can be

written Again with our use of spherical coordinates we héawéhin
L P L the integral oveu with r fixed)
fo dur sy xmur.6,¢,0=- fo dux-A(ux.t). XV, (Ux,t) =1 oD/ a(ur) = 3D/ au.

©.3 The integral oveu of that term givesb (x,t) —®(0,t). With
On the left-hand side; is a constant in the integration and its negative sign, the first term cancels the scalar potential in
raxl/d(ur)=dx/du. The integration is then elementary, with (9.9) and leads to the new scalar potential,
the result that the gauge function is 1 14
1 <I>M=—f dux-E(ux,t)+ ®(0t)— = —xm(0O).
Xm(Xt) = xm(0t) = —f dux-A(ux,t). (9.9 0 c at
0
Finally, we choose(M(O,t) so that the two functions of time

alone cancel. The scalar potential in the multipolar gauge is
then

The vector potential in the multipolar gauge is

AM(X,t)ZA(X,t)+V)(M=A(X,t)—VfldUX'A(UX,t).
0
9.9 by = —x-foldu E(ux,t). (9.10

The gradient acts or-A(ux,t) to give
. —(y. . Equations(9.8) and(9.10 display the potentials in the mul-
VX AU = (XTI AUX ) + (A V)X tipolar gauge in terms of the electric and magnetic fields. We
+ XX (V, XA(ux,t)). leave it to the reader to verify that the fields calculated from
hese potentials in the usual way are inddeg,t) and
(x,1).%
The gauge functiori9.4) with the choice just made i@p
to an additive constant

Introducing spherical coordinates again, and noting tha
raldr=(ur)ald(ur)=udl/du in the integral oveu, we find

J
V. x-A(ux,t)= U%A(ux,t) +A(ux,t)

t 1
L XX(VXA(UX)). 9.6 XM(x,t)ch dt”@(o,t”)—fodux-A(ux,t). (9.11)

The first two terms combine to give the derivative with re-
spect tou of (UA). Then in(9.5 the integration oveu of
the first two terms in(9.6) give — A, which cancels thé in
(9.5). The net result is tha(9.5 becomes

Herey,, is expressed in terms of the reference potentials. If

one wishes an explicit expression in terms of the sources,
one may substitute the answers for the reference potentials
into (9.11). Stewart® has done this with the Lorenz gauge as

1 the reference gauge. If the retarded potentials are written
Am=— fo duxX(VXA(ux,1)) with a time integral over a retarded delta function,
1 37 1 rogr
=—x><f du UV, XA(ux,t). (9.7 dx' 2 (X', ' =t=R/c)
0
Finally, with the definition of the magnetic fie®lin terms of _ 3, ,E o L
A, the vector potential in the multipolar gauge is _f d°’ | dt Rf(x 1) (" —t+Ric), (9.12
Ay = —xxfldu UB(UX, t). (9.9 wheref stands forp or J, substitution of the Lorenz gauge
0 potentials into(9.11) leads directly to
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1 1 charge coordinates of each molecule. The integral®.ih6
—f dux-A(ux,t)=— Ef d3X’f dt’ x-J(x',t") are recognized at the definitions of the electric and magnetic
0 dipole moments of the molecules,

1§t —t+|ux—x'|/c)
Xfodu |UX_X/| . pj(t):fd3x (X_rj)pj(xyt)y
(9.13 1 . (9.17
The scalar potential term, which contains an indefinite time m;(t)= 2_cf d*x (x=r)XJ;(x.0).
integral over the delta function, becomes . . .
The interaction Lagrangian then becomes
t 1 o
c| dt"®(0,t” =cj d3x’—,J drp(x',t—7).
f ( ) |X | x'/c| Tp( T) Lint:; {pJ'E(r] ,t)+mj‘B(rj ,t)} (91&

(9.19

The sum 0f(9.13 and (9.14 give y. explicitly in terms of ~ With the appropriate quantum-mechanical definitions of the
M ole (and electromagnetic fieldbperators, this interaction

i
the sources of c_harge_and current. It bears some semblancegfsjthe corresponding contribution to the Hamiltonian is em-
the gauge functions discussed in Secs. Il and VII. There w loyed in atom and molecular calculatiols32although it is

obtained either a charge density expression or a current de ot always obtained by starting with potentials in the muilti-

S|ty|tf_orr?1. Here thehm|xtgr(ihofl_both types occurts b(iclauste thSolar gaugé® Often the electric and magnetic fields are ex-
muftipolar gauge has bo orénz-gauge potentials ranS;,n4ed around the origin to include their spatial derivatives;

formed into inherently different structures. quadrupole and higher multipole contributiong @18 then

o ) ) ) emerge.
B. Charged-patrticle interaction Lagrangian with

multipolar gauge C. Fock—Schwinger or relativistic Poincare gauge

The multipolar gauge or its equivalent is used in quantum

mechanical treatments of the interaction of atoms and mol- The relativistically invariant gauge conditiottA,, =0 can

ecules with external or radiation fields in what amounts to?€ Implemented in the same fashion as the nonrelativistic

the dipole approximatiofor occasionally higher multipolgs condltslgn of the precedlng section. We just give the obvious
We begin classically and consider a number of charged paf€Sults:” The gauge function is
ticles in motion in interaction with external electromagnetic 1
fields. For simplicity of notation, let the particles be de- XFS(X):XO+J dgx“A (LX), (9.19
scribed formally by continuous charge and current densities, 0

where xo is a constant. The four-vector potential in the

p(x, =2 pi(x,1), IxD=2 Jj(xt). Fock—Schwinger gauge is
] ]

1
The sum is over the individual atoms or molecules. The in- A‘F‘S(x)=J dZ {x, F"H(x). (9.20
teraction Lagrangian is then 0
The space and time components exhibited separately are
Lint= —f d*x p(X,1) Py (x,1) 1
A(X,X°)=—f d LIXCE(Lx, ¢t +xXB(¢x, )],
0

1
+ EJ d3x J(x,t)-Apy(X,t). (9.15 L (9.2
. . A°(x,x0)=—f dZ {x-E(¢x,{1).
With (9.8) and(9.10 as the potentials we have 0
3 1 While similar to the multipolar gauge results, the relativistic
Lint:f d>x P(X,t)X‘fO duE(ux,t) forms differ in_detail.
Skagerstaff states a gauge function that connects the co-

1 3 1 variant gaugex, A*=0 with the multipolar gauge:-A=0.
— Ef d®x J(x,t)-xX fo du uB(ux,t). Specifically,

M~ AR
If we now assume that the spatial variation of the fields is An = Ars™ 9 xsk: (9.29
negligible over the region of support of the charge and curywhere
rent densities of each molecule, we may perform the integra-

. . 1 1
tions overu to obtain XsX,t)= jo dgL dntx-E(ZX, gt). (9.23

Lint=> [E(rj ,t)'f d3x (x—r)pj(x,t)+B(r;,t) We leave to the reader verification that this gauge function
! does the job advertised.

1
_ 3 —r.
'ZCJd X (X rJ)XJ(X't)]' (916 % SUMMARY AND CONCLUSIONS

Here we have assumed that the atoms or molecules are neu-Our purpose is to illustrate explicitly with a number of
tral. The coordinates; are the center of mass or center of examples the gauge transformation functigrtbat take one
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from one set of electromagnetic potentiéds, A) to another rent densities to replace the derivative i(Al) by

(®’,A’). In addition, for the Coulomb gauge and the V’-J(x',t— 7). If we insert(Al) into (3.6), the gauge func-

v-gauges, we show explicitly that, whatever the peculiattion becomes

propagation characteristics of the potentials, the electric and Ric or

magnetic fields derived from them are the same for all XC:_J d3X’p(X',t)—f d3x’f dr (1__>

choices of gauge. 0 R
The choice of gauge is a matter of convenience. The basic , ,

connectiong1.1) of the fields to the potentials guarantee that X V(X = 7)+ xo. (A2)

the fields are unchanged by a change of gaig®) of the  The first integral is just the total charge, assumed to be

potentials. One might argue that this paper is an empty exconstant if the current distribution is localized. In the second

ercise with obvious foregone conclusions. Yet enough confuterm we integrate by parts in trx integration to obtain
sion and error continue to appear in the literature that it

seems useful to explicate at length with concrete examples. It s o, [RC CcT ,
is also useful, | think, to exhibit the actual gauge functigns  X¢~ —Q+ | dXV dr|1- R I 1= 1)+ Xo.
a thing rarely if ever done in textbooks. (A3)

Two features are worthy of notéi) the relatively simple i

forms of the vector potential in the Coulomb and v-gaugesHere the gradient operator acts only on the factorR,ofiot
with the only added complicatiofrelative to the Lorenz- On the current density. It gives zero when acting on the
gauge retarded solutionsf a temporal nonlocality over a upper limit of thed integration because the integrand van-
finite time interval; andii) the little known v-gauge with its ishes at that upper limit. The gradient does act on the factor
scalar potential propagating at an arbitrary speeglative to  1/R to giveV'(1/R)=—V(1/R)= R/R2. The result for)(c is
c. The v-gauge illustrates dramatically how arbitrary and
unphysical thepotentials can be, yet still yield the same
physically sensiblefields In the quasistatic limit the
v-gauges are equivalent to a class of gauges introduced
(without these wordsby Helmholtz in 1870. We have chosen the irrelevant constgpt Q to clear(A4)

of unnecessary quantities. Equatio®) is the current rep-
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9 Helmholtz’s guasistatic gauge function
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Lorenz gaugeand the Weber fornfithe corresponding limit
APPENDIX: LORENZ-TO-COULOMB GAUGE of A in a gauge wher& -A—(1/c)(dP/at)=0].
FUNCTION y . IN TERMS OF THE CURRENT The quasistatic limit occurs when the source and observa-
DENSITY ¢ tion point are such th& is bounded by some limR,,,, and
the fractional change of the current in a time interRa,,/c
1. General result is negligible. Then the change in the current density during

the time integration iNA4) can be neglected. The current
density can be replaced by its present val()et). The time
integral is therR?/2c? and the quasistatic gauge function of

To obtain an alternative form in terms &fwve consider the
heart of (3.6) and perform aperhaps not obvioysntegra-
tion by parts in the integration ovetr by putting dr=

—d(Ric—7): Helmholtz is
1
R/c as— _ 3v'R- '
dTp(X,,t—T)Z—(R/C—T)p(X,,t—T)lglc Xc 2c J d*'R-J(x",1). (AS)
" 5 Actually, (A5) is a special case of Helmholtz's result, appro-
c X
NN priate for the change from Loreridleumann formto Cou-
* 0 dr (Ric=7) an(x t=7) lomb gauge. His actual expression is
e o
o N f A R-I(X' 1), (A6)
R/c 2c
fo d7p(X',t=1) wherea=1, 0,— 1 correspond to Neumann, Coulomb-gauge,
and Weber.

R/c 9
=(R/C)p(x’,t)+f dr (Rlc—7) —p(X',t—1).

0 ot 3. Alternative route to Helmholtz's quasistatic gauge
(A1)  function

With the connection between partial derivatives stated above The result(A5) can be obtained directly from approximat-
(3.6), we can use the continuity equation for charge and curing (3.6), but using slightly more care. It is not sufficient to
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