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Summary-The problem of a helix-type traveling-wave amplifier
tube, under certain simplifying assumptions, is solved as a boundary-
value problem. The results indicate that the presence of the beam in
the helix causes the normal mode to break up into three modes with
different propagation characteristics. Over a finite range of electron
velocities one of the three waves has a negative attenuation, and is
thus amplified as it travels along the helix. If the electron velocity is
too high or too low for net energy interaction, all three waves have
purely imaginary propagation constants; no amplification occurs. Con-
sideration of the beam admittance functions shows that, during am-
plification, the electron beam behaves like a generator with negative
conductance, supplying power to the fields through a net loss of kinet-
ic energy by the electrons. Curves are shown for a typical tube, and
the effects of beam current and beam radius are indicated. The initial
conditions are investigated, as are the conditions of signal level and
limiting efficiency. In the Appendix a simple procedure for computing
the attenuation constant is given.

I. INTRODUCTION
HE ANALYSIS of traveling-wave tubes as am-
plifiers has been carried out by Pierce1'2 of Bell
Telephone Laboratories and Kompfner3 of the

Clarendon Laboratory. In Pierce's paper,2 the action of
the field on the electron beam and the reaction of the
beam back on the field were formulated. A cubic equa-
tion was obtained which yielded three distinct propaga-
tion constants corresponding to the three dominant
modes of propagation. Kompfner followed a different
line of attack and arrived at essentially the same results.
The present analysis follows the procedure which

Hahn4'5 and Ramo6'7 used in dealing with velocity-
modulated tubes. The problem of the traveling-wave
tube is idealized, and such approximations are intro-
duced that the field theory can be used throughout to
correlate the important factors in the problem. Numeri-
cal examples are given for a specific tube to illustrate
the effects of various parameters upon the characteris-
tics of the tube.
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In this paper, only the helix-type of traveling-wave
tube will be considered. It consists of a cylindrical
helical coil which, in the absence of an electron beam, is
capable of supporting a wave along the axis of the helix
with a phase velocity substantially less than the light
velocity. When an electron beam is shot through the
helix, the electrons are accelerated or decelerated by the
field of the wave, especially the longitudinal electric
field. As a result, the electrons will be bunched. The
bunched beam travels substantially with the initial
velocity of electrons, which is usually different from the
phase velocity of the wave. Because of the bunching
action, there will be, in time, more electrons decelerated
than those accelerated over any cross section of the helix
or vice versa. As a result, there will be a net transfer of
energy from the electron beam to the wave or from the
wave to the beam. The bunching of the electrons pro-
duces an alternating space-charge force or field which
modifies the field structure of the wave, and conse-
quently its phase velocity. The average energy of the
electron beam must change as it moves along, on ac-
count of the energy transfer. The process is continous,
and a rigorous solution to the problem is probably im-
possible. The procedure of analysis is, therefore, to find
the modes of propagation which can have exponential
variation along the tube in the presence of the electron
beam. We are interested in those modes which will
either disappear or degenerate into the dominant mode
when the beam is removed. By studying the properties
of these modes and combining them properly, we hope
to present a picture of some of the physical aspects of
the helix-type traveling-wave tube.

II. SOLUTION OF THE PROBLEM
A. Formulation

In order to obtain some theoretical understanding
about the behavior of the traveling-wave tube, we have
to simplify the problem by making numerous assump-
tions. Instead of a physical helix, we shall use a lossless
helical sheath of radius a and of infinitesimal thick-
ness. The current flow along the sheath is constrained
to a direction which makes a constant angle (90°-0)
with the axis of the helix. The tangential component of
the electric field is zero along the direction of current
flow, and finite and continuous through the sheath along
the direction perpendicular to the current flow. The
force acting on the electrons is restricted to that asso-
ciated with the longitudinal electric field only; and the
electrons are assumed to have no initial transverse mo-
tion. We shall further assume that the electrons are
confined within a cylinder of radius b concentric with
the helical sheath. The time-average beam-current
density is assumed constant over the cross section, the
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problem is further simplified by considering small sig-
nals only, which will be discussed in Section D.
To find the natural modes of propagation along the

tube, it is convenient to divide the space into three
physical regions with well-defined boundaries. First, we
have the region occupied by the electrons. As shown in
Fig. 1, this region is cylindrical in shape and extends

Unless otherwise specified, the rationalized mks unit
system is used.
The grouping of field components into TE and TM

waves is for mathematical convenience only. All six
components are required to satisfy the boundary condi-
tions on the helical sheath. From the field equations the
following inhomogeneous wave equations for Hz and
E, can be deduced:
1 / OHsz 1 a

r + (y2 + k2)H (rJo)r Or Or r ar
1 a / Ez

_r ~~+ (-y2 + kl)Ezr ar Or
(,y2±k2)_ 'y 1
= - -Jz+----(rJr)

1Co- j/coe r Or

(3)

(4)

Fig. 1-Idealized representation of a section of a helix-type
traveling-wave tube.

from r = 0 to r = b. Then, there is the region between the
electron beam and the helical sheath (from r = b to r = a).
Lastly, the space outside the helix forms the third re-
gion. These three regions are separated by two well-
defined boundaries. In the following we shall find the
expressions of the field appropriate for the three regions
and satisfying the conditions at the boundaries, and an
investigation of the properties of the field will follow.
Further approximations will be made in (28) and (29)
to simplify the calculation.

B. General Field and Wave Equations
If the fields are circularly symmetric about the co-

ordinate axis, and assumed to vary with eiwt7Yz, then the
field equations can be written in the form:

-YEo + j@col.H, = °
10a
- - (rEO) + joyHIz = 0
r Or TE wave
dOH
-~ + yHr + jWeEE = -JoOr

(1)

,yHo- jwEr = Jr
10a

r OrH¢) -j&EZ = Jz TM wave (2)

OE, + -yEr jCOYHO = 0
Or

where (z, r, p) are the cylindrical co-ordinates
y =a +jf is the propagation constant along the z

direction
E,, Er, EO are the electric field components
Hz, Hr, Hp are the magnetic field components
Jz, Jr, J1 are the components of the vector cur-
rent density.

where k2=c4t,E.

C. TE Wave within the Electron Beam
Since the electrons are assumed to have no trans-

verse motion, the a.c. current density J has only one
component, namely, J,. Thus, (3) for Hz reduces to the
form of a homogeneous wave equation since the right-
hand side of the equation vanishes. Let

p2 = (y2 + k2), (5)
and I(x) be the modified Bessel function of the vth
order, related to the more familiar Bessel function
through the equation

I,(x) = j-vJ (jx). (6)

From (1) and (3), the solutions for the components of
the TE wave within the electron beam are

Hz = Aillo(pr)eiw)t-7z
Hr = Al-.Il(pr)eiwt-Yzp

Eo= -~AifIl(pr)eiwJt1,zp

(7)

D. Dynamics of the Electron Beam
It will be seen from (4) that a knowledge of J, as a

function of E, is necessary in order to obtain the solu-
tion of the TM wave within the electron beam. To find
such a relationship, the behavior of the electrons under
the action of electric and magnetic fields must be con-
sidered.
As was indicated earlier, the motion of the electrons

is assumed to be confined to the axial direction. This im-
plies that Jr= Jo =0. In practice, this assumption is
very nearly realized by means of the focusing action of
a strong (d.c. magnetic field applied parallel to the helix
axis. It is also assumed that the a.c. components of
charge, current, and electron velocity vary exponen-
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tially with the same propagation constant as the wave
traveling in the helix, while the average electron veloc-
ity is substantially constant over a finite section of the
helix. This last assumption depends on the tacit suppo-
sition that the phenomena can be described by a small-
signal analysis.
The notation used will be the following:

p =a.c. component of charge density
P0= average value of charge density
v = a.c. component of electron velocity
vo = average value of electron velocity
J = a.c. component of current density
Jo= average value of current density

e/m =ratio of charge to mass of the electron.
Continuity of charge demands that

aJz dp
az At

or

(13) and the fact that Jr= 0, (4) becomes

1 a a,E
r Ir ar ar /

+ (y2 + k2) 1- Ez = 0. (14)

Let

F ~ ~-Im
7 2 = p2[I1+e

rb Evv y

where
p2 = - (,y2 + k2)

andjc4
Jz= p.

The force equation for the charges due
tudinal electric field is

(8)

to the longi-

d e
-(vo + v) = - - E,.dt m

Now,
d dv av av

(vo + v) = = -+ v0-v0 ;j 'yJ v.
dt dl at az vo

Then (9) can be written:
e

_z
\m

vO (j y7
vO

To a first approximation, the current density is

J = Jo + J2 = (vo + v)(po + p) _ v0po + pvO + pov.

Since

Jo = vopo,

the a.c. current density can be put in the form, after
eliminating p and v from (12) by (8) and (11),~~~~~

-Jo
JZ= (1 )2 Ez. (13)

V0o j--yF
V0

E. TM Wave Within the Electron Beam
The necessary relation between Jz and Ez having

been obtained, it is now possible to solve (4). In view of

(9)

I = - xb2Jo = d.c. beam current.

Then the solutions for the three components of field are

Ez = BiIo(7r)eiw')-7fz.
Er = B1 2 I (flr)e jwt-fz

p2

H= B1 2 Il(,r)ei-tz.
(10)

(16)

F. Admittance Functions
The fields within the electron beam will have to be

matched to the fields outside the beam at the boundary
r= b. One method of matching the fields is equating

(11) corresponding radial impedance or admittance func-
tions8 at the boundary. Normalized radial admittances
for both TE and TM waves can be defined by

(17)(12)

(18)

Thus defined, the admittances are to be measured in the
direction of decreasing r.

Therefore, the two admittances within the beam are:

Y(1) = °(pr) for TEwave
jk I1(pr)

jk 77 Ii(-r)y (2) = for TM wave.

p p Io(nr)

(19)

(20)

8 J. A. Stratton, "Electromagnetic Theory," McGraw-Hill Book
Co., New York, N. Y., 1941, p. 354.

(15)

(5)
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G. TE Wave in Charge-Free Regions
Outside the electron beam, J=0. Thus, (3) for Hz

again reduces to a homogeneous wave equation. It is
clear, therefore, that in the whole region 0 <r <a the
solution for Hz and the other TE components is inde-
pendent of the presence of charge and current in the
region 0 <r<b. Thus the TE-wave components both
inside and outside the electron beam are given by (7).
The equating of corresponding admittance functions
(17) at r = b merely results in an identity. To obtain the
TE-field components outside the helix, we must use the
modified Bessel function of the second kind, K, (pr),
since the field must vanish at r = oc. Thus the field
components for the TE wave outside the helix are

Hz = A2Ko(pr)ei-lt-(Z

'Ir = - A, Kl(pr)eit -rz
p

E, = A2 - Kl(pr)eiwt-Yz
p

r > a

sheath. In the charge-free region within the helix, all
the electric lines start and terminate on charges on the
conducting helical sheath. The field intensity increases
with the radius. This type of field will exist even in the
absence of any electron beam. Consider now a continu-
ous stream of electrons of uniform density passing
through the tube at a constant velocity approximately
the same as the phase velocity of the wave. Half of the
electrons will stay with an accelerating field for a while,
and the rest will be decelerated at the same time. The
result is a slow change of velocity and density as the
electrons move on a bunching process.

(21)

K,(x) is related to the Hankel function by the following
7rK,(x) = -jv+ 'H,(7)(jx).
2

(22)

HI. TM Wave in Charge-Free Regions
Outside the helix the TM-field component are, from

(2) and (4),
Fig. 2 Instantaneous configuration of the electric field associated

with the Io(pr) function (longitudinal section).

Ez = C,Ko(pr)eiwt-vz l

Er = -C1 Kj(pr)ei t-oYz
p r > a. (23)

H'O = - C1--- Ki(pr)eiUt-8z
P

In the charge-free region within the helix (b <r <a),
we must use both types of the modified Bessel function
for completeness:
Ez [C3j0(pr) + C4Ko(pr)]ei t-YZ 1

Er =- [C31(pr) - C4K,(pr)]ei t-Yz bp b Kr K a. (24)

=,>=- [C311(pr) - C4Ki(pr)]ei&tY- Z
p

Since the TMwave is mainly responsible for the inter-
actions between the waves and electrons, we shall dis-
cuss briefly here the nature of the field structure. If the
phase velocity of the wave is radically less than the veloc-
ity of light, from (5) p will essentially be a real quantity.
Fig. 2 is a sketch of the electric field of the TM wave
associated with the Io(pr) function. The electric lines
start and terminate at r equals infinity. Clearly, this
type of field structure cannot exist outside the helical

As soon as the electron beam is bunched, the field ex-
pressions associated with the Io functions only are no
longer adequate to describe the electromagnetic phe-
nomena inside the tube. Fig. 3 illustrates the field dis-

_ '\ _e - _

Fig. 3-Instantaneous configuration of the electric field associated
with the Ko(pr) function (longitudinal section).

tribution associated with the Ko(pr) function. Here the
electric lines start and terminate substantially on the
electron beam. There is, of course, the electric field asso-
ciated with the average or d.c. charge distribution su-
perposed on the fluctuation or the a.c. charge distribu-
tion. Clearly, a field of this type is closely related to the
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