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Magnetic Fields Near Twisted Wires
ALBERTA Y. ALKSNE

Summary-Formulas are given for the field near twisted leads
carrying equal and opposite direct currents, and results are plotted
in dimensionless form for various cases. At some points twisting
the wires is shown to strengthen rather than weaken the field.

INTRODUCTION
T HE INCREASING INTEREST in accurate meas-

urement of very small magnetic fields, for instance
in space probes, makes it important not only to

reduce as far as possible the stray fields due to current-
carrying wires in the vicinity of the measuring instru-
ment, but also to evaluate the fields that unavoidably
remain. In general, the magnetic field near a pair of
leads is greatly reduced when the wires are twisted
around each other. However, the remaining field near
such a pair varies not only with distance but also with
position and with the period of the twist.

If the distance between the wires is small relative to
the other distances in the problem, the integrals in-
volved in the Biot-Savart law can often be evaluated in
terms of tabulated functions. This has been done where
possible. Calculations have also been made for a number
of typical cases and the results are presented in di-
mensionless form. The parameter in terms of which the
results are given is a ratio between the distance to the
center line of the wires and the length of one full period
of twist. It is shown that for a range of values of this
parameter the field strength near a pair of twisted wires
carrying equal and opposite currents is greater than it
would be if the wires were not twisted. Furthermore, a
field component that is zero along some line, if the wires
are straight, may be of considerable magnitude if the
wires are twisted.

ANALYSIS
The magnetic field around a pair of current-carrying

wires can be calculated by use of the Biot-Savart law.
The coordinate system used in the present calculations
is shown in isometric projection in Fig. 1. The wires are
separated by a distance 2a and extend from - z1 to
+Z2 with the z axis as the center line of the pair; they
are twisted around each other with a period p = 27r/k.
The x axis has been chosen so that the wires intersect
it at ±a. The position of wire 1 at any z is thus given
by x = a cos kz, y = a sin kz; and the position of wire
2 at any z is x = -a cos kz, y = -a sin kz. It is assumed
that a <K p, so that, at any z, a differential element of
wire can be considered to lie in the z direction; that is,
only the component dz need be kept in the analysis.
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The magnetic field in vacuum at a point xo, Yo, 0 is
thus given, in emu, by

2 z2

B(0X,yO0) = 2 f Ii(sin Oi)Ri-2
i=1 -Z I

*(-isinai +± cosai) dz (1)
where

z, > 0 and z1 > 0
sin 0i - r/ltR
Ri = distance from the point at which the magnetic

field is to be evaluated to the differential element
of wire i at z

ri = projection of Ri on the xy plane
Ii = current in wire i, in abamperes
ai -angle in a plane of constant z measured clock-

wise from the +x direction around the point
where wire i intersects this plane.

For present purposes
ITI=-I2 = I
r2=r2 + a -2aZ

2 2=r0-r + a2 ± 2aZ
R2 =2 + a2 - 2aZ
R2 = R2 + a2 + 2aZ
a1= tan-'[(yo- a sin kz)/(xo- a cos kz)]
a2 = tan 1[(y0 + a sin kz)/(x0 + a cos kz)]

where
2 2 2rO = Xo + Yo
Z = xo cos kz + yo sin kz
f2 = r2 + z2.

The x and y components of the magnetic field at x0, yo, 0
are thus

rz2Bx(xoyy0,) = -I [RL-3(yO- a sin kz)
ZI

R-'(y0O + a sin kz)] dz
22= I f [R( - a cos kz)-Za

- R2-3(x, + a cos kz)] dzj

(2)

If z1 = 0 it becomes important to consider the field
at points beyond the end of the wires. Eq. (1) is thus
replaced by

B(xo,yo,-zo) = Iif (sin 01)Rf 2

* (-1 sin +± cs ai) dz (3)
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Fig. 1-Axis system and arrangement of wires.

(4)

where
R = ro + (z + zo)2 = ro + 2

and all the other definitions are as before. With this new
definition of R the field components are given by

X 3

B.(xo ,yo,-zo) = -If {R'[y0O-a sin k(r - zo)]
-R;'[yo + a sin k( - zo)] } dr
Z3

By(xoyyo;-zo) = I j {R'[x0 - a cos k(¢- z0)]
-R;j[xo + a cos k(r - zo)]} dD

where
Z3 = Z2 + Z0.

The integrals in (2) can be simplified, provided interest
is confined to points not too close to the wires; that is,
if r, >> a'. Then R-' can be expanded by the binomial
theorem neglecting terms of order a2. Thus

R-3- R-3 , 6aZR-5
R-3 + R-3 ~ 2R-3.

Eq. (2) then becomes, approximately,

B.(xo,yo,O) = -2Ia[3yoxo f R5 cos kz dz + 3y20
f R-5 sin kz dz - R-3 sin kz dz]

rZ Z (5)
22

Bv(xoyyo2O) = 2Ia 3X2 f R-5 cos kz dz + 3x0yo
-zz ~ ~ ~

f R` sin kz dz - R- cos kz dz]

If z = Z2 Co 2 the odd functions drop out and the even
functions can be evaluated' yielding
B.(xo,yo0,O) = - (4Ia/r')[k

B.(xo,yo,O) = (4Ia/r')[k x

0 xoyo][K0o(kro) I
+ (2/kro)Kl(kro)]

,02KO(krO)

+ (k/ro)(x 2-_2)K,(kro)]

(6)

where K, is the modified Bessel function of the third
kind. Note that the quantities in square brackets are
dimensionless. By use of the limiting forms taken by
the Bessel functions as kr0 -- 0 it can be shown that (6)

1 A. Erdelyi, Ed., "Tables of integral transforms," Bateman
Manuscript Project, Cal. Inst. Tech., McGraw-Hill Book Co.,
Inc., New York, N. Y., vol. 1; 1954.
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yields the correct result as k -- 0, that is, for straight
wires; namely,

B1(xo,Yo,O) - -(8Ia/r)(xoyo/r') (7)
By(xy,g0,) = (4Ia/ 0)Ex 0-0Y)/r,]

If z, = 0 anid z = co , the odd functions, also, must be
evaluated' and the result is

f f(x)dx = f (x)dx - f(x)d.
The integrations from 0 to z0 must then be performed
numerically. However, if the field on the z axis is sought,
the integrals in (9) reduce approximately, for z, >> a2,
to sine and cosine integrals, and the result is

(2Ja/r2) { k2xOOy[Ko(kro)
+ (2/kro)Kl(kro)]
+ (ir/2)k2yO[I2(kro) - L2(kr,)]
+ (ir/2)kro[I,(kro) - Ll(kro)]l
ra/r2) { kc2xoK0o(kro)
+ (k/ro)(X2 - y2)Kl(kro)
+ (7r/2)k2xoyo[I2(kro) - L-2(kr0)]}

B=(OIOco-to)

-(Ia/Z,)[kz, + (kz,,)'(cos kz(,) -j
ZO

C sin t dt)

- (kzo)2(sin kzo) - t-l
\ Zq

cos t dt)]
(8)

where I, is the modified Bessel function of the first kind
and L, is the modified Struve function. The limiting
forms of the functions can be used to show that (8)
yields, as k -> 0, just half of the result given in (7).
Note that whereas B. as given by (6) and (7) is zero

on both axes, B, as given by (8) is not zero on either axis
unless the wires are straight.
The integrals in (4) can be simplified provided that

(r2 + z2) >> a2. Thus, by binomial expansion
R-3 + R-3 2R-3
R-3 - R

-3
6a(A cos kP+ B sin k¢)R5

where

A xo cos kzo- yo sin kzo
B xo sin kzo + yo cos kzo
2 r2 + P2.

The magnetic field beyond the end of a twisted pair of

wires (zo > 0) is thus given by

B.(xo,yo, -zo) = -21a[3y( A R-5 cos kP dD

+ B AR-5 sink drj-coskzoj R-3 sin kP dr
sin kzo R-3 cos k.dj

0 (9)
BytZo,Yo,y)-z0) = 2Ia _xO A ,R-s cos kP dt

R-1r sink| d~SE cos kz R-3cs d

When z3 = co, the field components can be evaluated
from (9) in terms of tabulated functions combined with
integrals over a finite range since

BY(OA -,ZO)

(Ia/z)[ -1 + (kzo)2(coS kzo)(-f t- cos t dt)

+ (kzO)2(sin kzo)(-f F' sin t dt)]

(10)

As k -+ 0 the result appropriate for straight wires is

obtained from (10); that is,

B,(O,O, -zO) = 0-(11)
B2(010, _Z) =I_/TaJ

RESULTS AND DISCUSSION
The field has been calculated for points on the x and y

axes with the wires extending away from the xy plane in
both directions (effectively to i)co), and for points on
the x, y, and z axes with the wires ending on the x axis.

Fig. 2 shows the field components on both the x and y
axes as obtained from (6). On both axes B. is zero. The
parameter r,/p against which the functions are plotted is,
of course, xo/p on the x axis and yo/p on the y axis. The
functions have been made dimensionless in such a way
as to be equal to 1 for straight wires. Note that for
r0/p < 0.175, Bj(xo 0, 0) is a little greater than it would
be if the wires were straight. At first glance, this result
is somewhat surprising. However, if (2) is applied to
straight wires with cross connections added to reverse the
currents at (z/x0) = V2, and if x2 >> a2 so that the
binomial expansion can be used, the field on the x axis
is given by

(x0/41a)B(xo,010) = -1 + (8/9)V 6 1.177.

Figs. 3, 4, and 5 show the field components on the x, y,
and z axes with the wires ending on the x axis, as given
by (8) and (10). In each case the functions have been
made dimensionless so that the y component is equal to
1 when the wires are straight. Fig. 3 shows that in ad-
dition to increasing the y component of the field if
xO/p < 0.175, twisting the wires increases the total field
if xo/p < 0.245.
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Bx(xo,y,O0) - -(

B,(xo0yo0,) = (21
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Bx ( x0O,,O) = x6,(O°YO)= 0

\~~~~~,/_(Y?2/4 Ia) By (O,y.,O)

ro/p

Fig. 2-Magnetic field on x and y axes. Wires extend to z = i c

Bx (xO.o,o)

Fig. 3-Magnetic field on x axis. Wires extend from x axis to z = + c.
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