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may be proport ional  to the pion field. Three models of the pion-nucleon 
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easily generalized to strange particles, but  the disadvantages of being 
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in an unsymmetr ical  way. The second model, using a strong interaction 
proposed by  SCHWlNGER and a weak current proposed by POLKINGHORNE, 
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The third model resembles the second one except tha t  it  is not  necessary 
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1 .  - I n t r o d u c t i o n .  

The decay of the muon is the only process known experimentally in which 
the weak interactions can apparent ly  be studied wi thout  complications due to 
the strong interactions. The electromagnetic corrections, moreover, are finite 

and have been calculated (1). All evidence so far supports the correctness of 
the  following Lagrangian for the interact ion:  

(1) ~ ( ~  decay) = 2 -½ G, [~y~(1 + ys)e][Vy~(1 4- ),5)#] + + Herm.  conj. 

(The two neutri]ms involved have been denoted by  different symbols r and ,,~ 
becmlse we are not certain tha t  they  are identical, although they  are both  
massless and they exhibit  the same helicity). The value of the constant  G~ 
can be determined from the ra.te of dec~y of the muon according to the for- 

mnla:  

(2) F~ = (192 ~3) -1G~2 m.~ (0.9956) 

which is well known, perhaps with the exception of the final factor, which 

gives the electromagnetic correction computed in Ref. (1). If  we take ('-') the  
muon lifetime F~ ~ to be 2.208 4-0.003.10-~s  and the mass m~ to be 
106.65 ~ 0.01 ~'[eV, then ,re get for the dimensionless quant i ty  O~m~ the value:  

G~.m~ ~ 1.20~ ± 0.001.10-5,  

where mp is the proton mass 'rod our units are such tha t  h - - c  = 1. 
l~row let us t, urn to those leptonic weak processes in which baryons  and 

mesons are involved (bringing in the strong interactions), but  in which there 
is no change of strangeness (AS = 0). Experimental ly ,  we deal with nuclear 

decay (including K capture and inverse } decay), muon capture by  nuclei, 

and the decay of the charged pion. I t  appears tha t  all these processes caI1 

be described by an interaction Lagrangian of the form: 

(3) ~o~. = 2 -½ G[l~, -- p~] [5y~,(1 ÷ y~)c ~- V):,(1 ÷ ~,5)/~] + @ Herm.  conj . ,  

where 1[~ and P~ are vector  and pseudovector  currents which can t ransform 
neutron into proton. As has, of course, been remarked (3.~), the experiments  

(1) S. M. B]gI~3IAN: Phys. Re c,  112, 267 (1958). 
(-~) Private communication from V. L. TELE~:;D1 on the work of the Chicago group. 
(a) R. P. FEY~'~LXN and 5[. Gt]LL-MANN: Pltys. Rev., 109, 193 (1958). 
(4) ],~. C. G. SUDAI~SHA.~ and R. E. MARSI~.~K: Pt~ys. Rec., 109, 1860 (1958). 
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suggest t ha t  G(I~-!-p~) is ve ry  much like (; l,?, (l + 7~)n, so tha t  the weak 

interactions are essentially ,, universal)) in their  s t rength and form for the 

pairs ve, v'[z, and pn. However ,  G ( V , +  P,) need not be precisely of the form 
indicated;  there, may~ for exampl% be other terms. I t  is with just  this ques- 
tion of the s t ructure  of the currents, especially of P,,  t ha t  we are con- 

cerned here. 
For  the sake of definiteness, let us ugree tha t  the (;oeftieient of ~)~n in I~ 

is u n i t y - - t h a t  is our definition of G. ~ ( ,  a.lso assunw tha t  the eoefliewnt of 

p~,?~u in P, is unity.  
Because of the presence of strong i~teraetions, we do not  necessarily observe 

(/ directly, rn the .$ decay of the neutron~ for e.~ample, we can measure the 

mutr i× elements  of (~Ir~ and Gp,  between free nucleon states with very little 

m o m e n t u m  transfer  (~ J MeV). l~n this limit we have:  

( 4 b )  ~ ' ~ '  . 

where G v und (IA ure the eonventiom~.l Fermi and Gamow-Tel ler  coupling con- 

stunts of nucleur ~ decay and u~ and us are the initiul and final free nu~:leon 

spinors. 
I t  is well known tha t  the exper imenta l  value of ¢1, is r emarkab ly  close to 

thut  of ( i  and an explanat ion (3) of this fiwt has been offered bused (m two 

theoretical  hypotheses  : 

a) Exac, t ,~ universal i ty  ,> of s t rength:  G =: 6t,. 

b) The conserved ve(:tor current  theory (3.~) of V which ~ives G~. # 
(upurt f rom electromagnetic  corrections) as a conseqllence of the vanishing of 
the divergence ~,i[~. 

So fat' the best. evidence for this point  of view is the ]t value of the decay 
of ~O, which is predicted to be 3 0 0 1 ~ 6  on the husis of ~) and  b) and the v:due 

T of (,~, quoted ahove, while the exper imenta l  result (6) is 3088 ~: 5tl. The 

theoretical  prediction is subject to error only from the exper imenta l  muon 

lifetime and mass and f rom eleet romugneti('~ corrections to the decay of '~(). 

There is, of course, some dis(.repauey between theory and experiment ,  which 

is made worse if we aeeept  Berman ' s  es t imate  (~) of the ele(.tromagneti(~ ( ,of 

reetions, which redu(.es the predicted /t value to 2917. If we take seriously 

(5) 9. ,'~. (~ERSllTE]N all(| J. B. ZELDOVICII: ~{rll. ['~k.~p. Teor. Fi:., 29. (LqS (1955) 
(translation: Nov. Phys. Journ. Exp. TIwtJr. P]~!/.%, 2, 576 (1957)). 

(6) D. A. BROML~'Y, E. ALMQUIST. H. F.. Gt)VE, A. F~. | , ITIIE]~,I ,AXI),  E. }{. }'AUL 
and A. J. FI~;I¢(~Vs()N~: I'],ys. l,'ec., 105. 957 (1957). 
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this number, the experimental value, and the conserved vector current hypo- 

thesis, we obtain G/G~ = 0.97 ~: 0.01 rather  than uni ty  (*). 
Other tests of the theory have been proposed (3v) bu t  not  yet  carried out. 

:For the time being, let us suppose it to be correct and go on to illquire about  

the form of the pseudovector current P~. 

At  one time it was suggested (3) tha t  here too the renormalization factor 

might  be unity. Some effort was put  into a search for theories in which tha t  

would be true. Certain authors tried to ~nd theories in which P~ would be 

divergeneeless, by  analogy with the vector case. The following points are 

now clear in connection with this type of investigation: 

A) Experimental ly  (s) the quant i ty  --G~/G V is 1.25 ± 0.06, so tha t  the 

axial vector renormalization factor is not  unity, al though it is not  very far away. 

B) The divergence ~P~ of the axial vector current cannot in any case 

be zero, because that  would make the rate of decay of the charged pion 

vanish (9). 

C) If, in some particular theoretical model, there is a limit in which 

3~P~ is zero, it is a delicate limit in which, for example, the nucleon mass or 

the pion mass vanishes; and the question of whether in this limit --GA/G is 

really uni ty  mus t  be carefully investigated for e~ch model (~0). 

D) :No one has found a theory in which a reasonable calculatioI1 of 

--G~/G c~n be m~d~ with present methods.  

(*) Note ridded in proo]. - Should this discrepancy be real, it would probably indi- 
cate a, total or partial fa, ilure of the conserved vector current idea. It might also mean, 
however, that the current is conserved but with ¢¢/Gt~< 1. Such a situation is consi- 
stent with universality if we consider the vector current for AN= 0 and A S = l  toge- 
ther t,o be something like: 

and likewise for tlle axial vector current. If (1+e~)-½=0.97, then e~=.06, which is 
of the right order of magnitude for explaining the low rate of ~ decay of the A par- 
ticle. There is, of course, a renormalization factor for that decay, so w~ cannot be sure 
that the low rate really fits in with such a picture. 

(7) M. G].Zj,LISIA-~Y': Phys. liev., I I I ,  362 (1958). 
(~) ~[. T. Bum~v, V. E. Kuol~, T. B. Nov~:v, G. R. RI~Zo and V. L. TELEGDI: 

Phys. Rev., 110, 1214 (1958). See also C. S. Wu: Rev. Mod. Phys., 31, 783 (1959). 
(9) j .  C. TAYLO1~: Phys. Rec., 110, 1216 (1958); M. L. (:OLDF;EIC.GER and S. }{. TF:}~I- 

~tA~: Phys. Rev., i i0, 1478 (195S). 
(10) R. J. BL[~(-~TOYLE: N'~loPo Cimento, 10, 132 (1958); S. OKUBO: ~,rUOVO Cimen.to, 

13, 292 (1959). 
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Despite  the  lack of success of the  p rogram just  discussed, it has turned up  

a t  least  three models in which ~,:p~, instead of vanishing, is proport ional  to 

a component  of the  pion field. This relation is interesting, not because it ex- 
plains why  - -  (TA/G is fair ly close to one, bu t  because it  gives a relation between 

the vMue of - - G  A and the  ra te  of decay of the charged pion. 

The connection of the  formula  

ia 
( 5 )  ~,P, = \ /~  ~ -  

with the ra te  of pion decay was discovered originMly (*) for a par t icular  model 7 

in which the pion-nucleon strong interact ion has the gradient  form. 

Our work on this model is an extension of tha t  of NORTO~ ~ and W.XTSON (~) 

and J .  C. TAYLOI~ (~2). 

The formula  relat ing - - G  A to t he  charged pion decay ampl i tude  is essen- 
tially the  one proposed by  GOLDBERGEtt and  TItEIMAN (la)~ which gives re- 
markab le  agreement  with exper iment .  We shM1 derive, in any  theory  for 

which eq. (5) is vMid~ an exact  formula  for pion decay, to which the equat ion 

of Goldberger and Tre iman is a ve ry  plausible approximat ion .  

We shM1 then invest igate  three models of strong ~nd weak couplings of 

nucleons and pions t ha t  yield eq. (5). All of these nmdels present  some diffi- 

culties, however.  None is a reMly convincing theory.  We mus t  therefore 

come back  to the question of whether  eq. (5) is really necessary in order to  

derive the result  of GOLDBERGEI~ and TtCEIMA~ in a convincing mamler .  

2. - The rate of charged pion decay. 

Suppose we have  a theory  of the strong interact ions and a definition of 
the axiM vector  current  such t ha t  eq. (5) holds. Then the mat r ix  e lement  
of P~ for negat ive pion decay m a y  be wTitten: 

(~) q.~ 

::io i~,(,~)i~ -~ = - w ~  ~-%w 0 :~-(~,) i~-  

where q~ is the fou r -momen tum of the pion, since, on taking the divergence 

of bo th  sides, we get back  jus t  eq. (5) between the pion sta~te and the w~cuum. 
2 :Note q~ = - -  m=. 

(*) By R. P. FEYNMAN, with some assistance from one of us (3I. (;.-:~L). 
(tl) 1~. E. NORTON and W. K. R. WATSON: Phys. Rev., 110, 996 (1958). 
(1~) j .  C. TAYI=On: quoted in ref. i17). See also R. F. STREATER and J. C. TAYLOR: 

.Natl. Phys., 7, 276 (1958). 
(13) M. L. GOLDBER(;ER and S. B. TREIMAN: Phys. Rev., 110, 1178 (1958). A recent 

criticism of their paper has been given by R. F. SAWYER: Phys. Rev., 116, 231 (1959); 
like us, SAWYER seeks a better derivation of their result. 
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The pion field operator  z-(x)  m a y  be wri t ten as the produc t  of a field 
renormalizat ion factor, convent ional ly  called ~/Zaa, and  the renormalized ope- 

ra tor  ~r/(x), for whioh the ma t r ix  e lement  between the pion s ta te  and  the 

v a c u u m  is just  the same as t ha t  of a free field between afree  particle s ta te  and  

the free vacuunl.  So we have  for the m a t r i x  element  of P~ in pion decay 

the following formula  in te rms  of a ~ / ~ :  

(7) <01P~(x) i~ . . . . .  x/'] <0 I~, (x), Jr-> . 

Now we m a y  also evahmte  - -G~/G in te rms of a ~ / ~ .  We take the diver- 
gence of bo th  sides of eq. (4b) in the limit of very  small  m o m e n t u m  trans- 

fer k (final m o m e n t u m  minus initial m o m e n t u m )  and we have:  

(8) ¢,~;, i ~ I , .  i , ~  -~  - ( ;~ , ( -  i K ) ~ , . r + ~ . y ~ , ~ ,  - ".,.~(- (;2 ~,~+ y~u,,  

where m is the nucleon mass. rf  we are to app ly  eq. (5) we mus t  calculate 

<P I ~ - ! n :  in the l imit  of zero m o m e n t u m  transfer.  Now in the neighborhood 

of k 2 : = - - m ~ ,  we know this ma t r ix  e lement  to be expressible in te rms  of the 

renormalized coupling constant  g, as follows: 

(9) :P [:~- I",: ~ V ~  (k ~ + m~) - '  i~ /~  g,u~ ~ + v~.,t,. 

To make  this formula  correct a t  all values of k *, we mus t  s imply replace the 
free propaga tor  (k~÷m~) -~ of the meson b y  the exact  renormalized propa- 

gator, whit'h we m a y  call (k~+m~)-~d~(k*), and the free ver tex v+y 5 by  the 

exa(:t renormalized vertex,  which we m a y  call ~:+ysF=(k~). The ~ fo rm factors  )) 
d=(k"-) and k~(k 2) are both uni ty  a t  k 2 = - - m ~ .  We have, then, as k " - +  0, 

the result:  

it~ v Z3 d~(O) FT:(O) i ~/2glUf't'+ ysU i 
x 2 

Comparing thi~ equat ion with eq. (8), we find: 

gl 

The unknown quant i ty  in our formula  (7) for the pion decay mat r ix  e lement  

is now evaluated and we m a y  calculate the ra te  of the process 7:- -~ ~z- + ~, 
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which gives essenti~lly the reciprocal lifetime of the charged pion: 

(12) 1 ~ =  1(~;~1 ~ ( ( i ~ m 2 ) " m , ~  ~ [d~:(O) F~(O)]-". 

E~cept  for the final fa(.tor, this is the same as the formula given by GOLD- 
BElgGEI~ and TREI)IAN (~'~). Their derivation, b~sed on the conventional pseudo- 

scalar theory of the strong interactions and the conventional  definition ~),~ysn 
of the current  P , ,  involves several violent appro×imations which are not  

really justified. The formub~, however, is in excellent agreement with experiment.  

The measurements (~) give: 

(13) - -  = (1.84:4: 0.04)- l0 ~" , 
l i t  ~. 

while eq. (12) yiehis: 

Ida(0) F~(0)I-' [(l.5(; ± 0.2)" 10-~}, 

with g~/4u = 15 ± 2. 

l~n the work of GOLDBERGE~ ~md TRET~AY, it was very mysterious that the 

agreement of the figures should be so close. Tf, however, eq. (12) is derived, 
as above, from ~ theory in which eq. (5) holds, then the discrepancy is to be 
a t t r ibu ted  solely to the form factor  [d~(O)F~(O)] -2, which we know equals uni ty  
when the argument  is - - m ~ .  We would not he surprised if at zero the 
departure  from uni ty  amounts  to only twenty  per(.ent or so. 

We must  be careful not  to exaggerate the adwmtage of models in which 
eq. (5) holds. I t  can be shown (*) t tmt in any theory tha t  predicts a non- 

vanishing rate of pion decay we can obtain an exact equation analogous to (12), 
with the form factor  d~(0)F~(0) replaced by a general (~form factor )> ~v(0), 
where % like d , ~  equals uni ty  at the value - -m~ of its argument.  The dif- 
ference between one theory ~md ~mother lies merely in the question of whether 
this general (, form factor  ,> q) is likely to be slowly varying, f f  the theory is 

such tha t  eq. (5) is valid, so tha t  ~v =~ d,P~, then it  is not  unreasonable tha t  
~v be slowly varying.  In the conventional theory,  where ~ is something much 
more complicated, the conclusion is much less plausible. In  any case~ we 
cannot  exclude the possibility tha t  the formula of Goldberger and Treiman 

(14) As listed by K. M. CROWF~: Nacre Cimeldo, 5, 541 (t957). 
(') See forthcoming article by BERNSTFI,\ ~, FUBINI, (:~FLL-MANN and TnTRRI~(;. 
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is approx imate ly  valid even in the conventional  theory, for which they  t r ied 
to derive it. 

I n  the subsequent  sections, we shall s tudy  models in which eq. (5) actual ly  

holds, bu t  we mus t  bear  in mind the question of whether  such an assumpt ion  

is really necessary in order to explain what  seems to be an exper imenta l  fact, 

t h a t  ~(0) is close to unity.  

In  order to s tudy  the models conveniently,  and  in order to show the relat ion 

between the  vector  and the pseudovector  currents, let  us now review some 

formalism. 

3. - The divergence of a current and gauge transformations (~5). 

Le t  us consider a theory  of the strong interactions deriw~ble f rom a Lag- 

rangian density ~Lf expressed in t e rms  of field components  ~,~ and the i r  first 

spat ia l  derivatives S~yJs. Then the equations of motion of Lagrauge  are (*): 

~2f ~2f 
(15) . . . . .  ?~ • 

Suppose we now subject  each field componen t  ~(x)  to an infimtesimal  

local gauge t ransformat ion:  

(16) ~p,(x) ~ y,,tx) + A(x)  F, [y,,(x), ~f,(x), . . .3. 

with a gauge fllnction A. Then we m a y  examine the variat ion of ~o under  

this change and we find, a lways to first order-:  

(17) 

where 

(is) 

and 

(19) 
S ~  S ~  

- -  , x  ~ ,  - -  f i * i  • 

(15) Our point of view in this section has much in common with that of S. GLASIIOW: 
2gaol. Phys., 10, 107 (1959), as well as that of S. BLUD)rAN: Nuoco Cime~do, 9, 433 (1958). 
See, also, the earlier work of J. SCtt,~IN~:E~: ref. (,6). 

(*) Our discussion is cla.ssieal. We ignore certain complications that  may arise in 
quantmn mechanics from the non-commutation of boson fields and their canonical 
momenta, making necessary a careful ordering of the operators. 
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Using (8), (11) and (12), we see immediately that we have Lagrange's equation 

for A(x): 
~Se ~Az 

(.~o) ~A - ~ ~ 4  " 

Now suppose that  under a particular transformation with infinitesimal 

gauge function A taken independent of co-ordinates, the Lagrangian Lf is 

invariant. Then ~f/~A vanishes and thus: 

8Lf 
(21) & ~ - - -  e 

We may then identify ~ 5 ~ / ~ A  as the current which is conserved as a result 
of the invariance of the theory under the gauge transformation with con- 

stant A. 
Consider, for example, the conservation of baryons. Let each baryon field 

acquire a factor ( l+iA~(x)) ,  while the meson fields are left unchanged. The 

baryon current 0c ~5f/~A~ is then conserved. 
For conservation of charge, we let each field acquire a factor (1 + i QA..(x)), 

where Q is the charge destroyed by the field. The Lagrangian is chosen in- 
variant under this for constant A~. The electric current ~: ~£f/~.A 2 is then 

conserved. 
We note that  we are working only with the Lagrangian of the strong inter- 

actions; that is to say, we are ignoring all higher effects of the electromagnetic 
field. We are therefore not concerned, at the moment, with the more general 
gauge transformation that  includes photons and that  also leaves the electric 

current exactly conserved. 
For conservation of isotopic spin, we consider rotations in isotopic space 

with an isotopic vector gauge function u. For example, for the nucleon field 
2¢(x) and the pion field ~(x), we have: 

C22) 
[ N-~(l+i'c'u)N, 

With the Lagrangian invariant under these rotations for u constant, we have 

conservation of the isotopic spin current 3: 8Lf/8~u. 
In the conserved vector current theory of the weak couplings, I~(x) is 

simply the + component of an isotopic vector current V~(x) which is equal to 

the isotopic spin current: 

8 ~  
(23) V(x) =iS~u /Y~y~hr + 2 i ~ x  ~g  + ..., 



7 1 . [  M. G E L L - M A N N  and M. LI~VY 

where the te rms we have  wri t ten  explicitly come from the free LagJ'angian 

of N ~nd ~. 
Now for the axial vector  weak current  P~(x) it is reasonable to suppose 

tha t  i t  too is the ~. component  of an isotopic vect.or P~(x) which can be ge- 

ner~tcd f rom ~ by a gauge t ransformat ion  with a gauge function v(x) t ha t  

is a pseudoscalar  in space and an isotopic vector :  

(24) P,4x)  = i ~ ~,,v" 

We a.re not, however, free to suppose t ha t  this current  is divergenceless, i.e. 
t lmt  the Lagr~ngian is invari~mt under  our gauge t ransformat ion  with con- 

stunt  v. Thus in place of the conservat ion law (1Q we mus t  use the more 

general formula  (13), which gives us for the divergence of the pseudosc~lar 

current, the result:  

(25) ~,P~ = i ~Lf 
• • ~ V  

Let. us take  as an example  the conventional  pseudoscalar theory of nucleons 

~nd pions with L~tgrangi'm densi ty:  

~u~ (~) '  ~o(z~)... (26) 50~  : - -  N ( V  ~ + mo - -  igo'V" ~ ) N  '2 2 

I i  we wish to have  for our axial vector  current  P~ just  the simple form/Y~y~ Y5 3r~ 

then we take for our gauge t ransformat ion  the following: 

3" --~ (1 + i 'r.v~5)zV, 

~ - +  7g . 

We then obtain for' ~P~ the result :  

i 3oW~ = 2m ° ~,t7 ~ N --  2igo~NN 

I f  the gauge t ransformat ion is chosen instead to be this one: 

N -~ (1 + i ' r ' v y s ) N ,  

- +  n + 2 mo 
go 
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then _P~ is 7ff 'ry Y5 N - - ( 2 i m , , / g o ) ~ , r c  ~nd its divergenc~ is: 

i ~3~,~ _ . . . .  2 i g o n N N  - -  2m_o # ~ i ~  - -  82.'mo i z 2 ~ .  
~v go go 

I n  nei ther  of these two cases does the divergence seem to hav~ any simple 

properties,  l~f, however,  we change the theory  of the s t rong interactions, we 

m a y  find a g:mge t ransformat ion  t ha t  yields an axial  vector  current  with a 

simple divergence; in fact  we m a y  find a cur rent  for which 

giving eq. (5) and implying eq. (12) t ha t  explains the pion lifetime. 
Eviden t ly  what  we require is a L~grangian  for which there is a gauge 

t ransformat ion  with pseudos,~Mar gauge vec tor  v such t ha t :  

(28) ~v = a n .  

For  constant  v, then, the Lagrangian  nmst  be nearly invariant ,  with the gauge 

t ransformat ion  udding only the t e rm a g - v .  
Let  us now examine the models so far  d iscovered in which t ha t  happens.  

4. - The gradient coupling model .  

Tile first model to be found makes  use of the g~'adient coupling theory.  

]f  we t rea t  just  nucleons and pions for simplicity, the  Lagrangian is: 

(29) ~fl =- - -  N(7 ~ --  m o +  iioX" (3~nT~Y~)N ( ~ ) 2  /~2:Tg2 
2 2 

Excep t  for the lust t e rm it is invur iaut  under  the  gauge t ransformution:  

(30) { N-~ N , 

when v is constant  and the last t e rm  gives just  a ~ . v  with:  

(31) a = - -  fo"  
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The current P~ is, of course, given by:  

35¢1 - i 
(32) P~ -- i -~ N , v y ~ y s N - - 7 - ~ , ~ .  

Io 

Comparing eq. (31) with eq. (11) we find: 

a~ ~ V z J ,  
- ~ d . ( O )  Fr:(O) (33) G m,~ fo ' 

where ]~ =- t s / 2 m  is the renormalized ~,ersion of ]0. This relation can, of course, 
be pro~ed directly for the gradient  coupling theory with the axial vector cur- 
rent given in (32). In fact, there are two independent relations in the theory:  

(34) G~_ /, F.(0),  
~ /o~,'z~ 

and 

(35) Za/~°~ d~:(O) = I , 
mr: 

the product of which gives eq. (33). Both are easy to prove. The first follows 
h'om the similarity of the weak pseudovector current and the source of the 
pion field. (The term in ~ in the weak current contributes nothing at  zero 
energy.) ]!he second relation obtains because at  zero momentum the correction 
to the free meson propagator vanishes, since the source of the field is the 
divergence of Nxy~ysY. 

The gradient coupling model has two weak points. First, as is well known, 
there are violent dNergen(.es in every term of the perturbation expansion. 
If  these were to be expressed as renormalizations, it  would require the renor- 
realization of an infinite number of par'~meters. Of course, we could simply 
introduce a cut-off, but then all quantities of physical interest would depend 
strongly on the cut-off (at least in the perturbation expansion) and the formal 
manipulations of the theory, such as we have carried out above, are not  ob- 
viously meaningful.  

The second point, which migh t  not  be serious, is tha t  in our introduction 
of the weak currents by  the gauge transformations (22) and (30), there is no 
similarity whateYer between the gauges tha t  generate the vector and the 
pseudovector currents, l'n the transformaliions (30) the term ~),~ in the weak 
current for the nucleons is generated from the co~,pling term of the Lagraugian 
(29), while the corresponding vector term ~ is, of course, generated from the 
free Lagrangb~n. 
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Yet  we have  evidenee t ha t  the weak interact ions are symmetr ica l  be- 

tween V and A, par t icular ly  their  apparen t  equal i ty  of s t rength and the fact  

t h a t  for the leptons, which have  no strong couplings, the weak coupling is 

jus t  r , , ( l+y~) .  

5.  - T h e  a m o d e l .  

We have  another  example  of a theory  in which eq. (5) holds, if we take  a 

Lugrangian for the s t rong interact ions t ha t  iv essontially one proposed by  

SeHW~NG~:r,, (~) and then for the axial vector  current  the form suggested b y  
POLKINGI-IOI%NE (17). 

Again, for simplicity, we restr ict  ourselves to mtcleons and pions only, 

except  tha t  we introduce (following SCHW~GE~) ~ new scalar meson ~, with 

isotopic spin zero. I t  has strong interactions, and thus might  easily have 

escaped observat ion if i t  is much heavier  than  ::, so t ha t  i t  would disintegrate 

immedia te ly  into two pions. I t  woald appear  exper imenta l ly  as a resonant 
s ta te  of two pions with J = 0 ,  [ : 0 .  

We tak(+ for our Lagrangian the following one, which leads to a renor- 
realizable theory of the strong int(~r~wtions: 

(36) ~?2 : - - -N[) '  ~ + nt , , - -go(o  4- i'r'TrT,~)]N-- 

where fo = gol2mo. 

/z;n- 
2 2 

+ a~) 2 _ _ 2 a (a  ~ ÷ z2)] 

]0 ] 

We have  the usual pseudos(;alar theory  of the pion, with the a added in 
a ra ther  symmetric~fl way. The nature  of the s y m m e t r y  iv made much clearer 
if we per form a t ransla t ion of the field v~ri-~bl.e a and re-e~press the Lagran- 
glair in terms of the var iable :  

1 (37) a '  ~ a - - - -  
2],, " 

We have:  

(3s) (a,~,)o 'u° ~ 

'2 2 (:~2 + ~,~) _ 

-- z,, [~-~ + ~ r . .  ~ 12 A 
[ 

O J , 

(*G) j .  SCI~WINGER: Ann.  Ph.~s., 2, 407 (1957). 
(17) j .  C. I)OLKINGI[OI{NE: -~'tto~'o Cimetdo, 8, 179, 781 (1958). 
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apar t  f rom an addit ive constant .  I t  is (~vident a t  once tha t  only the lust t e rm 
breaks  the  s y m m e t r y  under  the gauge t ransformat ion:  

(39) 

N --> (1 + i ' v 'v )~: , )N,  

- ~ .  g - - .  2 V 0  ,~ 

with v constant .  I t  is easy to see also t ha t  if the last t e rm were absent  the 

s y m m e t r y  (39) would p r even t  the J:ucleon having any mass. 

We now construct  the pseudovee tor  weak current  f rom the same gauge 

t ransformat ion.  We find: 

. _ _  ° T r . ~  (,tO) 8v  i - -  

so t ha t  eq. (27) holds with ,~----- t t~/fo as for the gradient  coupling model. 

The current  P~ comes out:  

i ? , g .  

This t ime the gauge t ransformat ion  tha t  yiehls the axial vector  current  is 

ch)sely related to the one (eq. (22)) t h a t  gives nhe vector  cmTcnt. Together,  
in faet~ they form the geller~nors of the ro ta t ion  group in a four-dimensional 
Eucl idean space. I t  i~ evident  tha t ,  apa r t  f rom the last term, the L a ~ a n g i a n  
of eq. (38) is invar iant  under  these four-dimension-~l rotat ions when the func- 

tions u and v are consta.nn. The last  t e r m  breaks the four-dimensional sym- 

metry ,  bu t  leaves the nhree-dimensional  s y m m e t r y  un(.hanged. 
We ma.y, if we like, (.onsider a rotat ion in four dimensions than is a product  

of the rot~tions (22) and (39) with u - - - v  = w .  We have:  

(42) 

N - ~  [1 ~ i ' v ' w ( 1  +y~)]N,  

*t ~- g - -  2 w(rr--- 2 w × ~  ', 

6,  _> (~r_~ 2 w ' T ¢  . 

In is this rota t ion tha~ tzenerates the complete  weak ( 'urrent P~ + V .  
We see tha t  if the mesons are t aken  out of the theory, then the transfor- 

mat ion (42) works only on the  free nucleon Lagrangian  and we generate  a weak 
current  equal  to N ~ , ( I + y ~ ) N ,  which resembles the lepton weak current .  Thus 
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the lack of symmet ry  between V and A mentioned in connection with the 

gradient coupling theory is not present here. 

We don ' t  have the divergence difficulty e i ther - - the  present model is fully 

renormalizable. 51oreover, the various matr ix  elements of the weak current 

seem to eome out finite, ns well; even the renormalization factor --((4/G is 

finite (*). 
Note th,~t since a = - - / ' o / ] o  in both theories, eq. (33) is valid for both. 

(At first sight, it may  look as if the individual theorems (34) and (35) also 

hold in the a model, but  in fact  they don ' t  work in perturbat ion theory.) 

In view of eq. (33), which expresses - (~4/G in terms of several divergent 

quantities, it may appear rather  remarkable tha t  it is finite. In  particular~ 

the reader may wonder what  (~ancels the quadratic divergences of t,~o/m~. The 

answer is tha t  ]~/]0 is the product  of g~/g,, and m,,/m~ and that  in the ~ model 

the quant i ty  m0/m~ possesses quadratic divergences, even in second order. 

They come from +.( tadpole ~) diagrams in which a ~ meson, emitted by the 

nucleon, turns into a nu(;leon and antinu(deon that  eat e~ch other. I t  is the 

scalar, I = 0 quality of ~ tha t  makes such diagrams possible. 

The r~ model, although it has some agreable features tha t  we have men- 

tioncd, is quite artificial. A new particle is postulated, for which there is no 

experimental evidence. ]'t is true that  if ~ had a high enough mass it would 

not  be easily detectable and that  the theory allows for different ~, a n d ,  masses, 

bu t  we know of no theoretical reason for the mass of a to come out very high. 

The fact tha t  the ~ coupling is responsible fo~' the nucleon mass is :~ curious 

proper ty  of the model. Unless we can explain all masses, or at least all b~ryon 

masses, in "~ similar way, it is not very satisfactory. 

[n any case, we ~re faced with the problem of extending our inw~riance 

under the v transformation t~) the strang~ particles. [f we want to preserve 

the relation (27), we must  add no new terms that  violate the inwtriance for 

constant  v. 
Unfortunately the invariant  coupliI~g of ~ and G'. which we have used 

for the nucleon ~nd which gives the nucleon me(.hanical mass through the 

coupling to a', cannot be applied to au isotopic singlet or triplet like the A 

and X. We may, of course, make use of global symmet ry  (~) or a restricted 

version of it. in which A and E are degenerate, so tha t  they can be treated as 

a pair of doublets. But then ~ll o~lr theorems are approximate,  violated by 

the mechanism that  splits A and E;  and the idea that  the splitting interactions 

are :, medium strong ,) and not. very impor tant  h~s not received much cxper  

imental support.  

(*) J. BERNSTEIN. M. GFLL-MANN and I,. MICIIEL: N~*O~'O (!i~,etlfo. 16, 560 (1960). 
(~s) M. GELL-MANN: Phys. Re~,., 106, 1296 (1957) and ,l. SCHWIN()Et~: tel'. (~s). 



720 M. GELL-MAN~ and M. LfiVr 

6. - T h e  n o n - l i n e a r  m o d e l .  

Let  us consider the possibility of modifying the a model by  making the 
a field a function of the 7~ field ra ther  than  the field of a new particle. ~-e 
want ,  however, to preserve the invariance (in eq. (38)) of the strong inter- 

action Lagrangian ~q~2 (except for the term --(#~o/2]o)a') under  four-dimen- 
sional rotat ions among z~, z~, z~ and a'. Thus the only condition we can 

apply to ~ and v' is the condition: 

(43) z 2 + a  ' , -  C ' ,  

where U is a constant.  ]~f we define go to be positive~ then we must  take the 
negative squ~re root for a ' :  

in order to have a positive mass term for the nucleon. If, when go tends to 
zero~ this mass te rm is to be simply *~o, then C ~ must  be 1/4]~ so tha t  g o ~ = m o .  
We have~ then, 

(~.~) ~ = _ 1 / / 1  - J - 

~nstead of the Lagrangian ~ , ,  we have:  

(45) 
2 2 2]0 

,~ _ I ",,/1_--- 4jo~ i , 
2/0 

to  within a constant.  

This Lagmngian can also be derived by  another,  ~lightly more general, 

method.  We can modify the usual pseudoscalar coupling theory by  changing 

every  constant  into an arbi t rary  function of ~ :  

~2 1 
~'~ = - -  -N7 ~ N  - -  m o ( ~ 2 ) N N  + igo(~)NT~ r .  ~ N  - -  po(:~ 2) - 2 - - - 2  F ~  (Te ~) ~ : ~  ~:~j  , 

with 

F , j ( ~ )  = I~(~ ~) ~ ,  + / ~ ( ~ )  ~,:~,.  

This general expression contains five different /unct ions  of ~2 instead of only~ 
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one as in the previous derivat ion (i.e. a'(n~)). We now require tha t  equations 

of motion have  as a consequence eq. (27), and t ha t  ~f:'~ tend to the usual pseudo- 

scalar (,oupling theory  when .q,,-+ 0. I t  then follows tha t  the five arb i t ra ry  

fun(-tions are determined uniquely by  thes(~ requirements  and tha t  the cor- 
responding Lagrangian  coincides with c~f a to within a constant.  

The new Lagmng ian  represents a theory of the strong interactions of nu- 
cleons and pions different f rom both  the gradient  coupling and the pseudo- 
scalar coupling theories. We may  re-express it ~s follows: 

(46) o f :  __~1,~,3 : m0X/ l_4 j0nz - igo~Z '~x ) ' , lN  

again to within a constant.  Exp~mding the Lagrangian to first order in tile 
couplino' constant,  we have  just  tile pseu(h)scalar coupling theory, bu t  tile 

remaining" orders modify the  inten~ction and destroy its renormalizabil i ty in 
pe r tu rba t ion  theory  (*). 

f t  is conceivable th~tt the theory m a y  somehow be renormalizable anyway.  
Sappose we consider the Lagrangian coCf~, which is certainly renormalizable,  

and express all the various ampli tudes  as functional  integrals over classical 

field variables ~ and ~'. The results of tile new theory are obtained f rom those 

of the ~ theory simply by  incorporat ing in the functional  integrals ~t &function 

of a ' +  \~l/ '4fi~--~ ~. It; is hard  to see how this restriction of the integrations 
can really render the theory more singular. 

We m a y  think of the restriction ~ Va 'z ~ l/4f~ as resulting s imply f rom 
a choice of the pa rame te r  ,~o in the Lagr~mgi:m L/': of the a model. I f  we take 
2o~ ~-c~, then tha t  corresponds, at  least classicMly, to an infinitely steep 
potenti.t l  well for the qm m t i t y  n ~-5 a'" (1/-lff0) , confining it to the vahte zero. 

I t  should 1)e noted t ha t  in the  non-linear theory  the higher order corrections 
to the pseudoscalar  coupling Lagrangian  ~re perhaps  such as to improve agree- 

men t  with experiment .  We kIlow tha t  in the pscudoscalar  theory in seoond 
order the scat tering length for zero-momentum,  zero-energy pions on nucle, orts 

is --gZ/m, while exper imental ly  the low energy X-wave ~--A ') scattering ampli- 

tude wi thout  charge exchange is very  small. We can see, though, tha t  in the 

Lagrangian  ~Cf a the second order t e rm 2moJ2ofNn 2 just  cancels out tho second 
order effect of the  first order coupling, i t  seems that) the cancellation of ob- 
noxious te rms like g2/m, gJ/m, etc., occurs to all orders. 

( ' )  J .  B B R N S T E I N ,  3 [ .  GELL-MANN- a n d  L .  MICI rEL:  Nttol ,o  Uimento, 16, 560 (1960). 

46 - II Nuovo Cimenlo. 
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There is perhaps some hope, then, t ha t  the non-linear L~grangian might  
lead to a small S-wave ~_,~o scattering ampli tude wi thout  charge exch~mge 
in per turbat ion  theory.  The lowest order N-wave ampli tude with charge ex- 
change is in any case of the right order of magnitude,  as in the pseudoscalar 

and gradient  coupling theories. 
The other new te rm tha t  appears in second order is - -2]~(n 'c~n 2 ) -  

--([~/2)]2o(S2) 2, which describes ~-= scattering with an unrenormMized ampli- 

tude  of the order of 2 2. E~o/o, it is interesting tha t  CI~Ew and ~I-ANDELSTASI have 

considered =-s scattering with a renormalized ampli tude of the order of m~ ]~. 

In  the nondinear  model, the construction of the weM~ currents by  gauge 

transformations from the strong coupling Lagrangian goes through much as 
in the ~ model. The impor tan t  features are t h a t  the vector  current  is still 

divergenceless, the divergence of the pseudoveetor current is still proportionM 
to the :: field, and the gauge group is essentially the same as before. 

I t  should be added tha t  the 7: field used here is not  of the usual type,  
since i n i <  ½fo. We can transfornl,  however, to a more normM pion field 
by  "~ simple substi tution such as ~ - - ~ ( 1  +/2o~2)-~. Of course ~ P ,  is still 
proport ional  to n, not to ~. See BEt~NSTEIN, FUiBINI, GELL-~fANN and T[tmr~Ih'G 

(lee. cir.). 
This third model belongs to a class of theories recently discussed by  

G[!I~SEY (19), who has particularly emphasized the four-dimensional rotations, 

although he has not  considered isotopic rotat ions tha t  are functions of space 

~nd time. 

7. Symmetry operators of the models. 

The symmet ry  properties of the models can best be exhibited in terms of 
tile operators t ha t  generate the gauge transformations which, in turn, gene- 
ra te  the weak current  P ~ + ~ .  Le t  us consider the t runcated version of each 

theory  in which the term in the Lagrangian proport ional  to a is suppressed 

so tha t  the weak current  is exact ly  conserved. We may  thei1 construct  the 

constant  operator R, proport ional  to fd3x(Pd+Vd), which generates the gauge 
transformations of the theory with infinitesimal gauge funct ion w: 

(47) 
{ v,i(,~) -+ (1-  iR.w(x)) ~,(x)(~ + ~R.w(x)) 

-~ ~ ( x )  - i w ( x ) .  JR, ~0dx)], 

(~) F. GtiRS)~Y: ~¥t,ovo Ci~e.nto, 16, 230 (t960). 
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where ~ represents  any  of the field components .  The operator  R for the weak 

current is analogous to the electric charge operator  Q for the electromagnetic 

current.  We may,  of course, separate  the par ts  of R tha t  correspond to the 

vector  ~nd the  pseudovector  currents.  As long as we stick to the conserved 

vector  current  theory  (and to our choice of scale for the gauge function), then 

the  first pa r t  of R is s imply twice the  isotopic spin /. Le t  us write: 

(48) R = 2 1 + 2 D ,  

where 2D generates the pseudoveetor  gauge t ransformat ions .  

In  the first model, i t  is easy to see f rom eq. (30), t ha t  D is a t ranslat ion 

operator,  so tha t  we have  the commuta t ion  rules: 

(49) [D~ Dj] -= 0 ,  

as well as the rules 

(50) 
[L,  I~] - :  i e+j]+ L-, 

[L:, D ~ ]  - -  i c,~i: D t  , 

t h a t  follow f rom I being the isotopic spin ~nd D ~m isotopic vector.  Here  

e,7, is, of course the Kroneeker  antisymmet.ric tensor). The to ta l  ope~'~rtor R 
then has the commutation rules: 

(51) JR,, Rj] -~ 4iej.([~: + 2D~:) 

t ha t  exhibi t  the a s y m m e t r y  between V ~md A characterist ic  of the grt~dient 
coupling model (*). 

In  the  second and third models, the  operator  D is not  .~ translat ion ope- 
r a t  or; in place of (4a) we have  the commuta t ion  rules: 

(52) IDa. Di] = i e .~[~ ,  

which give for R the ve ry  simple rules: 

(~3) [Ri, R;] 8 ie .~ ( Ik  ~ D~.)  4ie,j~:tb~ . 

(*) Of course, what really counts is the ha.lure of the commutatioll ~lafions for 
the co~+ptete operators that generate the sum of the A,S ~--0 and A S = I  currents. 
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~n other words, 

(5'1) 
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R is just four times an angular momentum:  

R - - 4 ( ~ .  

Bu t  in the same w~y we can show tha t  2 I - - 2 D  is four t imes an angular 
momentum I~ and fur thermore  tha t  /A and Iz commute.  Thus the isotopic 
spin I can be wri t ten as the sum of two commuting angular momenta :  

(55) i : :  ~ + G,  

and the weak current  is just proport ional  to the  current  of the  ,( spin ~) !4- 
We have just  demonstra ted the well-known proper ty  of the group of rota- 
tions in ~ four-dimensional Euclidean space (~o), tha t  it  can be generated by  

two commuting ~ngul~r momenta .  
~n our second and third models~ we have assigned quan tum numbers  as 

follows: 

(56) 

3~ (1, o), 

~5 (o, ½), 

(n, ~') (}, ~), 

where we use the notat ion of Giirsey (19), in which N~:(j_~-7~)_~ and 
_~,~ ( I - - T s ) N  and the quantum nnmbers are wri t ten in the  form (I~, I~). 

8 .  - C o n c l u s i o n s .  

We have found three models of the strong and weak interactions of nucleons 

and pions in which the divergence of the axial vector weak current  is propro- 

t ional to the pion field, und we h~ve shown tha t  this proper ty  can explain the 

decay ra te  of the charged pion. 
The gradient coupling model is highly divergent wi thout  a cut-off ~nd the 

weak interact ion is introduced in a way thut  is unsymmetr ica l  between V 
nud A. I~owever, to extend this model to the AS-= 0 we~k interactions of 

strange particles is very  easy. As long as the source of the  pion ~eld is the 
divergence of ~ pseudovector~ we c~n nlways find un axial vector  current  with 

the right proper ty .  

(20) A. PAIS: Proc. Nat. Acad. Sci., 40, 835 (1954). 
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The ~r model is renormalizt~ble ~md even the matrix,: elements of the we:~k 

coupling seem to be finite. 3!oreover. the fore>dimensional invari,~nce (broken 

only by  one t e rm  which is responsible for the nucleon ma.ss and  for the non 

~,tmi,'.'hing divergence of the  a~ial vector  current) gives complete symmet ry  
1)etween V and I .  I [owever  the model involves the introduct ion of ~ new 

particle. I t  :also presents difficulties when we t ry  to (~.,:tend i t  to the strange 
particles~ because the high s ym m et ry  of the coupling to 7: and ~', while easy 

to arrange fox' a fermion of isotopic spin 1 like the nucleon, is hard  to imita te  
A or E or K~ unless~ of (~(mrse, we do it approximately:  making use of some- 

think like global symmet ry .  

The non linear model doe:.' not ~ppear reuo|'ma.lizable Mthough it migh~ 

I~(, so in some. mmsual  sense, i t  a.w)ids, however, the introduct ion of a~ new 

I)arliele~ while retaining the s y m m e t r y  properties of the q model. The difft- 

culty of extension to the strange p:~rticles is of eourse~ the same for both  models. 

Since :~ll lhe models seem to have  some unpleasant  features, we should 
certainly reconsider whether the formula  of Goldberger and Tre iman [~au be 

plausibly derived without  such a string(,at (:ondition a.s eq. (5). 
To the extent  t ha t  one tries to retain eq. (5) (>r something like it, one might  

pursue fur ther  rese~rch along several lines: l ry ing to include the strange par- 

ticles; t ry ing to renormalize the third model:  exploring the conne(,tion of (mr 

gauge transform:~tions with possible in termedia te  fields for the weak inter- 

actions; seeking to describe the AN = 1 we:~k inte|'a(:tio|ls as well a,s those 

with AN :: t); and looking for ])aralMs between the weak interactions of leptons 

and those of b~ryons ~md mesons. 

[n closing'~ let us emphasize tha t  we ~ish this work to be considered as a 

highly ten ta t ive  effort. We h~ve after  :~11, explained only o~e cxperi lncntal  
nmut)er, the ch~rged pion lifetime. We do not  want to give the impression 
t h a t  the whole theory of strong and weak intera.etions should 1)e based on 
this one numl)er~ like :~ py ramid  b,~laneed on one point.  We do hop% howev(% 
t h a t  if this type  of invest igat ioa  is pursued further~ it m a y  lead to ot, her pre- 
dictions or to correla.tions of experim(q~tal data.. 

()he of us (5[. GELL-5[:t~'Y) would like to t tnmk Prof. ABD-US SAJ,AM for 

his hospi tal i ty  at  imper ia l  College, London, ~nd for m a n y  valuable ~.onw~r- 

sations. He  is gra teful  to Prof. ]~. P. FEYNMAN and Drs. E. I~. NOgT()x and 

W. K. R. WATSOX fox' the discussions of the ~radien~ coupling nm(h,1 tha t  

init iated this work. l i e  is also indebted to I)r. J. BEUXSTEIN fOX" discussions 
of ~auge inv:a'i:mee. 
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R [ A ~ I : N T [ )  (*) 

Allo scopo di dedurre in rnaniera eonvincente la formula di Goldberger e Treilnan 
per il lasso di decadimento dei pioni carichi, prendiamo in considerazione la pos- 
sibiliEJ ehe la divergenza della corrente vettoriale assiale nel decadimento ~ sit~ pro- 
porzi(male al campo del pione. Si presentano tre modelli della interazione pione- 
nuelcone (e della correnfe debole) the hanno la propriet'~ richiesta. I1 primo, the si 
serve dell'ac(.oppia.mento di ~radiente, ha il v~nta~gio di t)oter essere facilmei~t.e ~enera.- 
lizzato alle particelle strane, ma gli svant~ggi di non essere rinorma]izzabile e di 
introdurre le correnti vettoriale e vettoriale assiale in modo asimmetrico. I1 secondo 
nlodello, che usa un' interazione forte proposta da SC~IW1N(~CR ed una corrente debole 
proposta da ][)OLKINIIORNE, 6 rinormalizzabile e simmetrieo fra V ed A, ma com- 
porta la postulazione di una nuova partieella ed 5 difllcilmente estensibile alle parti- 
celle strane. I1 terzo nlodel[o b simile a l secondo salvo the non ~ necessario iniro- 
durre una nuov~ particella. (Si perde, tut tavia,  la rinornmlizzazione nel senso usuale.) 
Si suggerisce un~ ulteriore rieerca, su queste linee, eompresa 13 considerazionc della 
pos~ibilith ehe ii ta.sso di decadimento det pione possa ottenersi in modo plausibile 
con (.ondizioni meno restrittive. 

(*) 2'caduzlone a cura delta Redazione.  


